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Remark : — As it is essential, in an elementary book, that the 
expressions be appropriate to the subject, and even to the 
local usages of the language of the science, of whose elements 
it treats, as far as the latter can be admitted without diminishing 
the precision of the expressions ; and as this would require the 
author to be a native of the country, in whose language the treatise 
is published, which is not my case ; my friend Professor Ren- 
wick, so advantageously known to the public by his own works, 
has done me the favour to translate into English the manu- 
script of this work, which I drew up in French. We consi- 
dered this as the surest means of obtaining the desired object 
of bringing this work before the public in a style unembarrassed 
by other idioms, and whose expressions would be adapted) not 
only to the language ^tself, but to established usages of this 
science. 
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Mathematicax science must, from its very nature, have 
taken its rise in the simple inspection of geometric figures, 
rrhe abstractions, upon which the calculus is founded, and 
whose great extension and generalization has produced th^ 
analytic method, must have arisen at a later period, as the 
product of a higher cultivation of the powers of the mind. 

During the period that geometry constituted the principal 
part of mathematical science, trigonometry was necessarily 
treated of by the synthetic methods applicable to tliat branch 
<^ {he science ; and the solution of its several problems, at- 
tained by mere construction. Calculation was subsequently 
introduced, when the means were discovered, by which 
numbers could be applied to express the relations of quanti- 
ties, which appiear so different in their respective natures, 
as Unear dimensions and angles. 

Analysis, so bold in its steps and so universal in its 
methods, which has carried mathematical science to results 
the most general, and of such extensive and useful conse- 
quences, has naturally changed the^mode of proceeding ii^ 
trigonometry, as well as in other departments of mathematics. 
It is therefore necessary now, in order to study trigonometry 
in a truly scientific way, to,^ treat of it in the most^general 
manner ; and, proceeding from principles the^most general^ 
yet at the same time the most simple and^elementary, to 
found upon them a complete system ; ^whose results may be 
fitted for universal application. 

It is not necessary to enter into all the details, that are 



6 INTRODUCTION. 

the necessary consequences of such a system, in endeavouring 
to attain this object ; they will not escape the researches of 
him, who has made himself master of the system itself. 

With such views the present elementary treatise has been 
drawn up ; and it is 'not necessary to explain the difference, 
that exists between it and the various other manners in 
which trigonometry has been treated of."^ The principles 
upon which it is grounded are the following. 

As straight lines and angles, or portions of the circum- 
ference of a circle, are incommensurable quantities, they 
cannot be directly compared. But the ratio between two of 
the sides of a right angled triangle, will determine the magni- 
tude of the acute angles ; the third angle being always given, 
in consequence of the primitive condition of rectangularity 
in the triangle. This ratio then is the true and only means 
by which angles may be compared with straight lines* 

The names that are given to the several ratios, that exist 
among the sides of a right angled triangle, taken by pairs, 
are purely conventional, although the terms have in part 
been deduced from geometric considerations, having reference 
to the circle. But it is of the greatest importance cai'efuUy 
to avoid confounding the lines, that correspond to these ra- 
tios, or trigonometrical functions, when represented in a 
circle, with these ratios themselves.f 

* It was the desire of introdacing^ into the course of mathematics at the 
United States^ military academy at West-point, the most useful mode of instruc- 
tion in this branch, that led me to the preparation of this work, as early as the 
year 1807. 

t The term sine owes its origin simply to a contraction in writing; semistis 
cordfE ; when, in the middle age, instead of the chords of angles, that were 
formerly employed in calculation, their halves were introduced, writing merely 
sm ; and eo-im fov eomplementi semistU cordtBt the tangent is represented geo- 
metrically by the line touching the circle without cutting it, and is the only 
appropriate denomination taken from the circle. The prolongation of the 
radius, until it cut the tangent, has been called leeant, which is a perversion 
of the name given in geometry to a line that cuts the circle without passing 
through the centre. The addition, co, before each of these names, refers 
them, as in the case of the sine, to the complementary angle. 
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Betting out then from the primary definitions of the ratios^ 
that exist between the thi*ee lines that form a right angled 
triangle^ combining them, simply, and by their squares, 
according to the properties of right angled triangles, deduced 
from the most elementary geometry; (Euclid I. p. 47) we 
shall obtain, by means of the four fundamental rules of ordi- 
nary arithmetic, applied algebraically to these elementary 
expressions, a series of elementary formulae. 

These formulae give the solution of every possible case of 
right lined rectangular trigonometry ; and furnish a general 
table for the reduction of the several trigonometric functions 
to each other ; similar in its nature and application to the 
common multiplication table. In this way we are furnished 
with a system of quantities, whose relative relations are de- 
termined ; the fruitful source of every possible combination. 

By the simple consideration of two angles united by juxta 
or super-position, (a method employed in elementary geo- 
metry,] applying the same elementary process, founded upon 
the principles previously employed, the second step in the 
system is made. This step furnishes the general principles 
of the combination of the trigonometric functions of the sum 
and difference of two or more angles. 

The same system of combination used before, applied to 
this second series of formulae ; with different assumptions in 
relation to the relative value of the two angles ; and also 
when they are supposed to have a constant determinate va- 
lue; leads to all the various formulae that can be desired; 
which are given in regular tables systematically arranged ; 
and which may be referred to with the greatest readiness. 

This mode of proceeding appears to lead to the desired aim 
with the least labour of intellect, and thus in the most easy 
way to the final end ; which is, to present to the reader a 
full system of this branch of mathematics, in such a way, 
as to furnish every necessary element for the solutions of tri- 
gonometry, both plane and spherical ; and for the use of 
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analysis in general^ in its numerous applications to geometryy 
and to transcendant quantities. 

It is witb a similar view that the chapter which points out 
the mode of making use of the trigonometric functions in the 
integral calculus, and chiefly for the purpose of transforming 
the formulae to fit them for integration* has been inserted. 
Trigonometric differentials are however omitted; they would 
require the application of the differential calculus, the know- 
ledge of which is not to be presumed in the student of ele- 
mentary trigonometry. It was thought more expedient to 
defer this part to a subsequent extension of the course of trigo- 
nometry ; that should at the same time present its applica- 
tions, and several other problems ; both theoretic and prac- 
tical, (and which will form the sequel of this elementary 
treatise, if it be approved by the public.) 

It is thought : that the method of applying the trigonometric 
functions to algebra, by a change of the formulae^ such as to 
admit the use of logarithms, to change addition or subtraction 
into multiplication, &c. a method as simple as useful, is suffi- 
ciently explained by the use which is made of it in the course 
of this treatise. For this reason it has not been separately 
considered, as it might have been, in applying it to the solu- 
tion of equations of the second and third order, &c. But 
when the applications, that are actually made of it in this 
treatise, are well understood^ those to other cases will be also 
intelligible. 

Although, for the reasons already stated, the explanation 
of the ingenious methods, that may be employed in the con^ 
struction of trigonometric tables, both natural and loga- 
rithmic, is not admitted into this plan ; it has been thought 
proper to explain their fundamental principles; in order to 
complete the system. 

The considerations that have reference to the radius of the 
circle, are not given, except where it becomes necessary to 
employ them 5 thus the student does not find himself embar- 
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rassed with them in those parts^ where they could answer 
no other purpose, but that of confusing his ideas. 

These principles being established, the solution of all the 
cases of oblique angled plane triangles follows, as their most 
obvious application ; and the use that is made of the forms that 
are given to the trigonometric functions, in reducing the 
calculations to logarithms, is a sufficient introduction to this 
method. 

When the analytical method is applied to spherical tri-* 
gonometrj, it is obviously proper, first to expose some of 
the immediate consequences of the theorems of solid geometry, 
in their application to the sphere, and then to express them 
in the form of trigonometric functions. Setting out in this 
manner immediately from solid geometry, we avoid, as will 
be seen, all the delay and difficulty, which would attend the 
introduction of spherics in the abstract. 

The combinations of the parts of the right angled triangles, 
that constitute the elements of a spherical triangle, consi-^ 
dered by the method of trigonometric functions, also forms in 
this part of the work the principle whence all the elementary 
formulae of spherical trigonometry are deduced. The com*' 
binations of these give all the solutions, that this branch of 
trigonometry demands. 

It has been thought that tlie continuation of the method 
previously used, was also in this part of trigonometry prefera- 
ble to the introduction of another, although equally good in 
itself; for it is with methods in mathematics, as with style 
in ordinary writings : that author is most easily understood^ 
who expresses himself in one uniform and fixed manner; 
while a change in the method of expression naturally intro- 
duces uncertainty in the apprehension of the sense of the 
writer. 

For a similar consideration, the means of deduction, or the 
representation of the difierent subjects, have not been multi- 
plied : an elementary book need not give all that the author 
B 
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knows oil the subject, but only all that is necessary to con- 
stitute a complete system. 

The qdechanical arrangement of a calculation may con- 
duce to its accuracy, and to the ease of revising it, in case 
of need. It is with this, as with order in all matters 
of business ; it is proper in the beginning to acquire good 
habits, which practice will render easy. The numerous 
and frequently complicated operations of trigonometry have 
especially need of such a precaution. 

Aa an introduction to this practical part, there will be in- 
troduced at the close Of this treatise an example of the cal- 
culation of each formula in an order the most ^concise, and 
most applicable to practice. In the comjilicated calculations 
of the pi*actical application of trigonometry, it is useful to 
have forms of the process in blank, containing the order and 
denominations of the operations, and having a blank space 
sufficient for the insertion of the numbers. In this way 
the calculations may be reduced to an operation purely me- 
chanical, in which no one of the necessary elements can 
possibly be omitted. This method has been long used in 
great geodetic works,and in navigation. 

This treatise is then naturally divided into four parts. 

1st Part. Analysis of the Trigonometric Functions. 

2d '• Oblique angled Plane Trigonometry. 

3d '* Spherical Trigonometry. 

4th '* Examples of Calculation of the FormulsB of Plane 
and Spherical Trigonometry. 

It only remains to give a few details in relation to some 
elementary principles made use of 5 and to such as are purely 
conventional, that it will become necessary to employ in 
this treatise. 

Elementary Geometry teaches us that all the angles around 
any one point are together equal to four right angles ; it 
follows that the circumference of a circle contains also foui* 
right angles. 

The ordinary mode of expressing a right angle, is, =L JB. 
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The diyision of the circumference of a circle is^ from its 
very nature, conventional. Three different divisions have 
been used, at different times, and with different views ; the 
most ancient of these enjoys the right derived from its 
priority of occupation. This is the division of the circum- 
ference into 360 equal parts, or degrees: each of these is 
divided into 60 equal parts, called minuteSf (minutae partes ;) 
and these again into 60 parts, called seconds, (partes minu- 
ts secundae.) In the same manner we might proceed to 
obtain thirds, fourths, &c. ^ but instead of this, it is the cus- 
tom at the present day, to represent the magnitudes of parts 
less than seconds, in the decimals of that denomination. 

This division may therefore be represented in an alge- 
braic form, (marking degrees by a small cypher above the 
numbers, minutes, by a single line, seconds, by two lines, 
&c») as follows, viz : 

a.=r360'=4 LB; 90''=LiZ; 1°=60',- l'=60". 

Tliis furnishes the principle of the method of reduction, or 
transformation, of one ' denomination into another ; and we 
might express the whole of the circumference in the following 
manner, viz : 

flTrsS |_i2+89' 59' 60". 

The division of the fourth part of the circle or quadrant 
into lOO"", with decimal subdivisions, has been several times 
attempted ; in consequence of the usefulness such a division 
would possess, in all geodetic operations, when combined 
with the corresponding decimal metrical system. 

The division of the quadrant into 96^ has been employed 
by some of the best artists, in the graduation of great 
astronomical instruments. It is very advantageous in this 
process, because all the subdivisions, down to the single 
degree, may be obtained by the continual bisection of an 
arc, whose cord is equal to the radius of the circle ; or in 
this division 64°, making in the ordinary division 60"*. 

The common division into 360"* will be used in this 
treatise. 
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In order to show thai the difference between two quanti- 
ties is to be taken, in such a way that the result shall be 
always a positive quantity, which ever of the two be the 
greater, we shall use the sign cr), or an S lying horizontally* 

The complement of an angle is that angle, which, when 
added to it, makes their sum a right angle. Thus the angle, 
6, has for its complement 90" — &,=!_ .B — 6, 

The supplement of an angle is that angle, which, added 
to it, makes the sum equal to SL.JR=a ]8.0^. Thus the 
angle, ft, has for its supplement, 2 LB— 6, = 180° — 6. 

All other methods of notation, and the signs made use 
of, are derived from Algebra^ 



PART I. 

JiJ^ALFSIS OF TBIQOJ^OMETBIC FUJ^TCTIOJ^S. 



CHAPTER I. 

Bedtiction of the First elementary Formvlae. 

$ 1. AiTAXYTic Tbigonometrt is one of the problems of 
Algebra applied to Geometry; it not only comprises all those 
solutions that are necessary to find the unknown parts of 
triangles from those which are known ; but furnishes a se- 
ries of formulae and analytical expressions, that may be 
finally applied to Analysis in general ; and which constitute a 
peculiar species of quantities called Trigonometric Functions. 
Considered in this point of riew, it forms one of the most 
important branches of analytic mathematics. 

$ 2. If the three angular points of a triangle be considered 
as lying in the same plane, in which» therefore, the lines 
which join these points are likewise situated, the triangle 
becomes the subject of the investigation of Plane Tijgonone- 
try. Elementary geometry makes us acquainted with the 
principles of equality and proportion that exist between 
them under certain relations of their several parts, and tri- 
gonometry employs these principles as the basis of its 
researches. 

$ 3. If the angular points of the triangle be considered as 
not in the same plane, the triangle becomes, generally 
speaking, the subject of the investigation of Spherical Trigo- 
nometry, as it is referred to the curved surface generated by 
the revolution of the circumference of a circle around its 
diameter, or the surface of a sphere; its properties are 
derived from solid geometry ; and it is the onlj curved sur- 
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face that is conBidered in the elementary part of that branch 
of mathematics. 

$ 4. It is evident that, in the extension of the subject^ 
there may be a separate species of trigonometry for every 
possible variety of surface generated by the revolution of a 
re-entering curv^. The equation of the radius of the curve 
would be an essential element of the resulting trigonometry; 
as^ for instance, an ellipsoidic or spheroid ic trigonometry* 
But this case requires a more complicated analysis; it is 
more detailed in its investigations, and consequently less 
general in Its applications : it therefore cannot belong to 
elementary mathematics. 

( 5. The elementary trigonometric functions are the 
ratios that exist between the three sides forming a right 
angled plane triangle; or, in other words, the quotients 
that arise from dividing any one of them by either of the 
two others. There are not, therefore, necessarily more 
than three such functions, to which are added their inverse 
ratios* These several functions are known by names, whose 
origin and signification are of no importance ; but it is the 
more important, that we fully and precisely understand 
their value, and mutual relations. 

The combination of these ratios gives the whole of that 
BM^titucte of trigonometric functions, that enable us to solve 
every question in trigonometry, and which are pa^tually 
aj^tied in analysis. 

$ 6. Let, ABC, (figure 1) be a plane triangle, right an- 
gled at «/fl; the sum, therefore, of the two other angles, 
B+C=I_JR=90**. They are, consequently, each the dif- 
ference between the other and a right angle. This rela- 
tion of these two angles being the complement, as has been 
previously stated, we have, according to the division of the 
circle into 560% Jl=90*'-C; and 0=90"~jB* 

The theoiem of elementary geometry known by the name 
gS Pythagoras (Euclid, Book I. prop* 47) gives the following 
relations : 
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BO^AB^+A&y whence 
jJiJ«==BOi-jJO, and 

To simplify these expressions, let BCaA, ABoBjb, ACca=4f 
and ^e have 

which determine the relations between the sides of a right 
angled plane triangle, in terms of their squares. 

$ 7, 1 o these properties of a right angled tris^ngle, given 
in elementary geometry, trigonometry adds the expressions 
that denote the ratios of the several sides; or rather, it 
gives to each of these ratios a specific name, as follows, viz : 
The ralio, or the qaotient, A 

d is called 

AC : BC, — =8ine B=ico8ine (90*»-B)=cosine C 1 

h 

k 
AB : BCy — =003106 B=8ine (90** — B)=8ine C g 

h ■ i 

4 
CA:BA, — =tangentjB=acotangent(90°-B)=cotangentC 3 

k 

k 
BA : CA, — =cotangent JB=taBgent (90^ - B)=tangent C 4 

d 

h 
BC : AB^ — =secaDt B=cosecant(90^ — B)=co8ecantC 5 

k 

h 
BC : AC, — =cosecant jB=secant (90® —B) =secant C 6 

d 

It is evident from inspection, that tlie prefix, co, before the 
names sine, tangent^ secant, show that the relations of the 
quantities are the same when tiiey are referred to the comple- 
mentary angle, as when with their simple names, they are 
considered in relation to the angle itself. 

It is also evident that the tiiree la9t ratios are the inverse 
of the three first. They are eonsequentiy much less used 
than the three first, particularly the two last : these are, in- 
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deed, at present entirely neglected, as well as the terms, 
Tersed sine, and co-yersed sine ; haying all become useless, in 
consequence of the great simplification that has taken place 
in trigonometric formulas. 

$ 8. Combining the primitive formule thus found, or deter* 
mined, by their multiplication and division, and comparing 
the results with the simple formulae, or definitions, to which 
the products or quotients are equal, we obtain a series of 
ftmctions, or formulae, that constitute what may be called the 
multiplication table of analytic trigonometry. Thus : 
B By the mQltiplication of 

d h 

1 A No 1 into No 6 or — ,— =sine B coflec B=l 

h d 

k h 

2 ft 6 — , — =008 B sec B=l 

h k 

d k 
g 8 4 — ,— =tan B. cot B=l 

k d 

d k k 

4 14 — , — = — =sine B cot J5=cos B] 

h d h 

k d d 

5 S3 — , — = — =cosine B tan B=8ine B 
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h 1c h 


1 


5 


d h d 

— , — B= — =8ine B sec £=tan B 
h k k 


2 


6 


k h k 

— , — = — =3Cos B cosec B=cot B 
h d d 


By the division of 




HI by 


No 2 


d k d sine B 


h h k cos fi / 


ft 


1 


k d k cos B 

- : - =— = . — =cot B 



h h d sine B 

d d k sine B 

10 13 —:-.=_= ^=co8B 

h k h tan B 
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d d h tan B 

No 3 by No 1 or — : — = — = =sec B d.1 

k h k sine B 

k k d cos B 

2 4 — : — = — = =sine B 12 

h d k cot B 

k k h cot B 

4 2 — : — =— = =cosec B 13 

d h d cos B 

d k d twn B 

3 6 — : — =— = =siDe B 14 

k k h sec B 

h d h sec B 

6 3 — : — = — = =cosec B aS 

k k d tan B 

k h k cotB 

4 S —.:_=—= =cos5 16 

d d h cosec B 

h k h cosec B 

18 4 —:_=:—= ^=secB ir 

(I cZ Jb cotB 

h h d sec B 

5 B — : — =— = =tan B 18 

A: d A( cosec B 

A ft fc cosecB 

6 6 _:—=—= -.5=cotB 19 

d k d sec B 

If the combinations producing squares were admitted iiit« 
this table, it would become more extensive, but it is not consi- 
dered proper to introduce them here, as they may be consi- 
dered with more propriety as consequences. 

It will also be observed that some of the above results 
are already repetitions, for they may be considered as algebra- 
ically contained in preceding ones ; but this, being exactly 
analogous to what occurs in the common multiplication table, 
has been admitted, in the same way as, in a complete multi- 
plication table, two equal products, say, for instance, 3 time9 
S| and 4 times 3^ are introduced^ to accustom the beginner to 
iheir equality. 
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$ 9. If we apply the three expressions deduced from tlie 
47th Prop, of Euclid, Book I. giyen in $ 6, viz : 

^fl = (fa +ika : d^=zk^ _ fca . k^ z=h^^d»; 

to those found in the series, A, making use of the expressions 
that hare the same denominator, and reducing the numera* 
tors^ resulting from the addition or subtraction of their 
squares, we obtain a new series of formule, that give the 
relations of the squares of the several functions ; yiz : 

C The sum of the squares of 

1 1 and 2, or 1 = = — =l=sin 'B + cos ^B 

The difference of the squares of 

h^ h^ h*-d' k^ 

2 6 and 3, or = = — = i =sec ^B-tan ^B 

iba jfea Jfea jt2 

h^ fca ^a_ita ^2 

^ 6 and 4, = — = -^ = 1 = cosec ^B— cot »B 

d^ d' d^ da 

From these equations are obtained, by simply transposing 
the terms, the following, which are of yery frequent use in 
trigonometric calculations. 

4 sinajB= 1-cos 3B 

5 cos^B = l-sin^B 

6 sccajB= l+tan3J5 

7 cosec «JB = 1+cot ^BJ 

8 tanai5 = scc afi— 1 

9 cot a B = cosec ^B— 1 

By equalizing the first three results, it is also erident that 

10 sin 2B+C0S »B = sec ^B-tan ^B = cosec ^B— cot ^B = 1 

and 

11 sec 2B-cosec *B = tan ^B-cot ^B 

with their several consequences^ 

$ 10. Combining the two series of formulse^ B, and^ C, by 
simply substituting the roots taken from^ C^ in the formula 
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of B; we obtain another series of formulse^ of frequent use in 
the application of logarithms to trigonometrical calculations^ 
and in the integral calculus. 

From what has been observed, and has been already 
shown, it is sufficient to give these for sines, cosines, and tan- 
gents ; for which the following values will be successively- 
obtained. 
By B and the sabstitution from *^ 

No. 6 C No. 6 sine B = cosB (sec «£- 1) * 1 

1 



(l+coi^B)^ 

14 6 = S 

(l+tan2B)i 

cos B 

12 7 = r-^ 4 

(cosec 2B— 1) « 

5 6 and 6 = (1-sin ^fi) ^ (sec »B-1) * ^ 

(sec 5-1) * 



14 2 and 6 



12 .5 and 6 



-(l+tan^B) i 
(1-sin ^B)^ 



(cosec 35-.l)« 

By B substituting from 

No. 4 C 9 cosine B = sine B (cosec afi— 1) ^ 

1 



9 



(l+tanaJ3)i 

sine B 

10 6 = 10 

(sec2i5~l)9 

(cosec ai5-l)i 

16 9 = 11 

cosec B 

4 4 and 9 = (I - «n »5) * (cosec»B- 1) * 12 
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By B substituting from 

13 (l-cos aJ5) i 
10 C 4 and 6 = 

(sec 3 B- 1) i 

14 (cosec^B-l)* cotB 
16 7 and 9 = = 

{l+cot ^B)i . {l+cot»B)k 

1 

15 No. 3 No, 9 tanJB = 

(cosecaB-l)* 

X6 6 8 = 8inB(l+tan B)^ 



sin B 



17 



8 5 



18 
19 

SO 



18 6 



(l-8inaJ3)5 
(l+tan2B)i 



cosec ^B 
4 and 6 = (l-cos ^B) * (1+tan «B>4 

(l-cos aB)^ 



4 and 5 
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18 6 and 7 



(l-sin3J3)i 
(l+tan3B)i 



(1+cot 2B)i 

It is evident, that the formulse for the sine will give those 
for the cosecant, by merely changing the denominators into 
numerators^ and the numerators into denominators ^ or^ ii| 
other words^ by expressing tJie inverse ratio of the sine. In 
like manner, by performing a similar operation, the values 
of the cosine will give those for the secant, and those of tho 
tangent the values of the cotangent. 
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CHAPTER II. 

flcluiion of right angled plane Triangles ; Values and Mge^ 
braic signs of certain Trigonometric Functions^ 

$ 11. d?he formulsB of the preceding chapter are evidentlj 
true whatever he the magnitude of the angle Bf and the ratio 
for a given angle heing gi^en hy any one of the functions of the 
series A^ the determination of the value of any one of the 
lines^ h, d, k, will, it is manifest^ give the value of the two 
others. 

From this it results^ that these formulsB contain the solution 
of every possible case of a right angled plane triangle. It 
will suffice for this purpose to make choice of that trigonome- 
tric function, in the equation of which, the known quantity 19 
in the denominator of the fraction expressing it, and the un- 
known quantity in the numerator ; and'to multiply the trigono- 
metric function of the corresponding angle by the denomi- 
nator of the fraction ; to obtain for result the unknown quan- 
tity which is represented by the numerator. For, every ratio 
being a fraction, or quotient, representing the relative value of 
two quantities, in whiqh the denominator points out the value 
of each of the parts ; the multiplication of the quotient by the 
absolute value of all the parts, must present in the result the 
absolute value of the numerator. This principle is evident from 
the manner in which the trigonometric functions have been de- 
duced, and is general ^ it would therefore be useless to enter 
into any detail. 

$ 12. In correspondence with the general principle just 
stated, the numerical values of these -several quotients have 
been calculated, for all angles from, 0% to 90% «n tiie sup- 
position that the value of the denominator is constantiy nni- 
ty ; they are therefore directiy applicable by means of the 
rule just given. 
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As in a right angled trisingle one of the acute angles is 
always the complement of the other, it follows : that when 
either of them is half a right angle or = 45% the lines, fc, and, 
i^ becoming equal, their trigonometric functions of corres- 
ponding denomination are also equal, tliat is to say : 

sine = cosine 

taDgent = cotaDgent 

secant = cosecant 

And as, on the an^ becoming greater flian 45% iiie compK < 
nentarjr angle taibes, in succession, every value of the primitiTe 
«ngle, ia an inverted order, it follows : that in an angle be- 
tween 45*" and 90*", the simple dhange of any one of the above 
denominations of functions into its corresponding one will 
give liie fancticm sought. For this reason it is only necessary 
to odculate the value of the sines, cosines, tangents, and 
<x)teitgents, firom 0** to 45% in order to obtain every other 
value that is necessary. 

$ 13 Let it now be supposed, that any tine, JIC=A, (figure 
il) take successively all possible positions around the point, Bj 
so as to form in relation to a fixed line, BA^ successively, all 
fte angles from, O"*, to, dOO"*, in which last position it will again 
coincide with, 0% and if we conceive a perpendicular to fall in 
juiy position of the line from a point, C, taken at any distance 
whatsoever fr(»n the pcant, J?, upon the line, BA^ produced 
iftdeftnitely on eittier side of the point, B ; and if, according 
to the constant supposition in geometry, we assign to this line, 
and to the perpendicular, the proper algebraic signs, to show 
their direction in relation to the point, jB, giving the sign, 
4-, to those positions of the lines, d, and fc, that correspond in 
their direction with their primitive position, and the sign, — «, 
where &ey are in an opposite direction ; there will result all 
iiie vamilions of value, in quantity and in sign^ that these 
^elementary fanctions can possibly assume. ^ 

In order to show this more clearly : Let, BC, BC'9 BC", 
JM7"% (figure 2) be several succesnve positions ctf this line, 
in the four right angles, which are contained around the 
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twint, S, the lines^ d, and^ ^, mil take the signs assigned to 
them in the figure, and the signs of the fundamental trigono- 
metric functions contained in the series A, will always be 
determined, upon the general and simple principle^ that serves 
to determine the signs in algebra; that is. to say, that like 
signs produce, +9 and unlike ones, — • If therefore we 
compare with the formulae, the lines, k, and, 'd, of the figure^ 
in regard to their respectire positions, it will be found : that^ 
supposing all the functions within the first right angle to be 
positive, we shall have in the 

2d right angle the, sines, and, cosecants, -|*9 the other fanctions,— , 
3d tangent, and, cotangent, -|*> 9—9 

4th cosine, and, secant, +» 9—9 

$ 14 In the passage of, h, from one quadrant to auoflier^ 
as well as in its first position, the lines, d, and, k, become 
alternately equal to, 0, and to, &, itself. In these cases fliey 
evidently acquire their least and greatest possible values. 

If, therefore, we suppose, A=l^ and use, *, to represent 
the entire circumference of a circle, the pointy 0% or the origin 
of the angles, will be represented by, (kr, the first quadrant 
or right angle, by, f^r, and so on. Hence the values of the 
trigonometric functions in these four principal positions^ 
when expressed in terms of, ^, will assume the following 
values, viz : £ 

For, CHr, we shall have, d = ; and, /b = 1 1 

d 
which gives — = — sssintoss^O 

h 1 

k 1 

— = «. = cos (Hf = .1 

^ 1 

d Q 

— =s — =taD(kr=0 

^ 1 

k 1 

— = — s= cot Otr = infinit 
d 



V. 



^ta 
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h 1 

— = — = cbsec (V = infinit 
d' 

h 1 

— = — S2 sec Oir = 1 
k 1 

S For, i**, we have, d = 1, and, ib = o, 

d 1 
giyiDg — = — r = sin J^r = 1 
h 1 

At 

— = — . = COS J* = 
/i 1 

d' 1 

— = — == tan J* =: infinit 
k 

A; 

— = — = cot Jir = 
d 1 

& 1 

— = — = cosec W == 1 ' 
d 1 

^ 1 

—. = —. = sec I** = infinit 
A; 

3 For, Jit, we have, i = .0 ; and, (fc =— 1,) 

i 
giving — = — -ssine Jir = 



-A: 


1 
-1 

1 


= 


cos J«'=5 


-- 1 





-1 


=' 


tan Jir = 


-0 


d 


-1 



= 


cot J** = 


— infinit 






h 1 

— = — = coaec J*" — + infinit 
d 
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h 1 
= =r sec ; flf = — 1 

^k —1 

For ffl' we hare, d = — 1 , and, ^ = 0, 4 

giving = = sin i* = — 1 

h 1 

k 
h 1 

== = tan fir = — infinit 

k 

k 

= — — = cosec f AT = — 1 

-cJ -1 

h 1 

— = — = sec i* = infinit 
* (♦) 

§ 15. it is evident^ from what has been said in the two sec- 
tions immediately preceding, that all the elementary trigono- 
metric functions may be represented in a circle, whose radius 
is, A = 1 ; and that they will always form proper or improper 
fractions of this unit, from 0, to infinity. 

In fig. 3, let, B, be the centre of the circle, whose radius, 
A = 1, B^, and, Ba, two radii at right angles to each other, 
that contain the first quadrant; the points, C,C', &c. the suc- 
cessive intersections of. A, with the circumference in the four 
quadrants ; the perpendiculars let fall from the points C^C^ 



(*) The expression — which is here seen to result from the division 



of the different lines gives the best idea of what is called infinity ; for it appears 
as a ratio (or relative quantity) such as it would exceed the power of any num- 
ber to express. The sign commonly used fbr it in analysis is, 00, or an S 
placed horizontally. 

D 



26 FART I. 

&c. upon the radiud BA, produced upon the other side of Bf 
will represent, both in magnitude and algebraic sign, in rela- 
tion to, A B 1^ the sines of the angles JiBC,ABC', &c. while 
the parts of the line BJi, intercepted between the perpendi- 
culars and the point, B, will represent the several cosines of 
the same angles. 

Draw from C, a line parallel to AB, until it intersect the 
line Ba, the lines^ CI, and Bl, are equal to Bg, and Cg, 
each to each ; whence it is manifest, that, as the angle aBC, 
is the complement of ABC, we have 

sine ABC = cos aBC 
cos ABC = sin aBC 

In the same manner, if we draw from the points A, and a, 
perpendiculars, upon BA, and Ba, produced in either direc- 
tion from A, and a, the line BC, BC, &c. produced on either 
side of B, will cut these perpendiculars in points, such as c, 
d, e, e', and Ac, will represent the tangent ; ad the cotan- 
gent. Be the secant, Be the cosecant of the angle ABC; 
and in these functions of the angle, ABC, the same relation 
takes place with respect to the exchange of the denominations 
of these functions, that we have seen to occur in regard to the 
sines and cosines, &c. of this angle and its complement aBC, 

for we have 

tan ABC^ cot aBC 

cot ABC » tan aBC 

sec ABC s= cosec €iBC 

cosec ABC = sec aBC 
The figure shows in wb%t manner the signs of these quanti- 
ties are affected in the four quadrants ; attention being paid to 
the princi0e> that A, and a, are always the points from which 
the tangents are considered to be drawn in either direction^ 
in which they can cut the produced radius, or A. We must 
be careful here to avoid falling into the error of supposing a 
change, of sign in h; the radius of a circle can never be 
any thing but a positive quantity 9 it is only the effect of its 
position upon the perpendiculars, considered in wla*'"** * > 
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the directions of BA, and Ba, which depend for their sign 
upon the position of h, in the several quadrants, that can be 
affected by different signs ; for in nature, and consequently 
in mathematics, every efficient cause is positive, while it is 
only its effect, in regfo^d to a required result, that may be- 
come negative. 



CHAPTER III- 

Furidamental Trigimometric Functions of the Sum, and Differ^ 

enee of two Angles. 

$ 16. Problem. To find the sine and cosine of the sum and 
difference of two angles, their respective sines and cosines 
being given. 

Let DBC9 and, ABC, (in figures 4, and 5,) be the two 
angles, placed upon the common line, BC9 in such a manner 
that the angle, ABD, may represent their sum, (in figure 
4,) or difference, (in figure 5^) when, ABD, represents the 
sum, the two angles will then each fall without the other ; when 
it represents their difference, the less will be included in the 
greater ; it is required to find the sine and the cosine of their 
sum or difference, or of the angle ABD. 

Comtructum. Through any point E, in the line BC, that 
is common to the two angles, draw a perpendicular FO, 
cutting the two other lines BA9 and BD9 in the points F, 
and G. From the point, F where this perpendicular cuts 
the line BA, which marks the sum or difference of these an- 
gels, let fall the perpendicular FH, upon the third line, BD. 

Using the same denominations as in the primitive formulae 
of series A, we make : BQ=zh; BF=:h'; BE = k; EG »d; 
EF =» d', and calling flie angle CBD » a ; the angle CBA = 5 ; 
and the perpendicular FHss y; and BH=^ x. 

The FG—d± tf , will follow, with the sign +, for the sum, 
and — -, for the difference, of the two angles a, and b, and 
we shall have the quotient or ratio : 
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y X 

— = sin (o ± 6) ; and — = cos (a ± 6) 
h' K 

SolvMon. The triangles FGH, and BOE, are similar^ 
being right angled at H, and E, and having the anjgle d, 
common to the two triangles ; wherefore 

(By Euclid, B. 6. Prop. A.) h:k=^d±^:y 

kd±kd: 



DividiDg by h\ 



h 
y k d ± k cC 



K h h' 

k d k (£ 

Kh hh' 
k d k d 

k' h h K 

Substituting the values of these several quotients^ according 
pt to the principles of the series A, we have 

1 sin (adb 6) = sin a cos 6 ± cos a sin h 

For the cosine we have 

(Hiuc. B 1 . Prop. 47.) y^ = (d ± dy - (fc — xY » (fc')' - ^^ 
or (d±(r)a— -Aa + gAa — a:a=(^')«- «» 

and {d± ay - ^a + 2 ^x = (fe')a 

therefore 2 Aa; « WY + ^* - Wifc <?)• 

Substituting for A2 = A:» ± d^; and (ft')* =A:a+((iOa; and divid- 
ing by ^hh'y 

X 2ika + <<r)» + d2-(i±cO* 

^' ^kh' 

2iba 4. (cDf +da - (<r) - d« ± 2(W 



Squaring (d ± cf) = 



2ftft' 
A: A; ::p dd' 

By compensation = 



CHAPTER III. S9 

X k k d a 

K h K h K 

Substituting for these quotients their values^ according to the 
series A, we have 

COB (a ± 6) = cos a cos & qp sin a sin 6 

It will be here seen, that in the result the algebraic signs of 
the last formulse, are of the contrary nature to that they pos- 
sess in the expression representing the sum or difference of 
the two angles ; while in the case of the sines they have the 
same nature, as in the, expression of the compound angle* 
This might also have been anticipated from the simple know- 
ledge of the fact, that the cosine diminishes with the increase 
of the angle ; for in every greater angle the line k, will be 
less, than in a less angle ; while the perpendiculars increase 
I with the increase of the angle. 

I $ 1? • In order to find the tangent, cotangent, secant and 

: cosecant, of the sum, or difference, of two angles ; we must 

\ treat these formulae, 1, and 2, in the same way as the simple 

formulae of the series A, when those of the series B, were 
investigated ^ and then simplify them by means of these same 
formulae, in conformity with what was at first said in relation 
to them, that they constitute the multiplication table of trigo- 
nometry, and thus furnish the means of reduction. We shall 
then have, (analogous to B, No. 8>) 

sin (a ± li) sin a cos h ± cos a sin h 

tan (o± 6) = = 

cos (a± 6) cos a cos 6 ::f: sin a sin h 

dividing this last expression in numerator and denominator, 
successively by the four factors contained in it, and substitu- 
ting, for the resulting values, the corresponding tangents and 
cotangents^ according to the formulae of the series, B, we ob- 
tain in succession the following formulae, viz. 

1 ± tan 6 cot a 
Dividing by sin a cos 6 ; tan (a± W = _— — _ 

cot a :^ tan 6 
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Bin h cos a 



cos a COB b 



sio a sin b 



tan a cot 6 ± 1 

cot 6 qp tan a 
tan a .± tan 6 

1 qp tan a tan & 
cot b±cota 



cot a cot 6 :^ 1 
For fhe value of the cotangent is obtained, analagous to B, 9. 

cos (a± 6) cos a cos b q:sin a sin b 

8 cot (a±b) = = — — 

sin (a±&) sin a cos 6±cos a siq 6 

A process analagous to the preceding gives in succession the 

following formulsB : 

cot a qp tan 6 
Q Dividing by, sin a cos &, cot (o±6) = 



^Q sin b cos a 



-^•^ cos a cos 6 



X£ sin a sin 6 



1 db tan 6 cot a 
cot b ::f tan a 

tan A cot 6 ± 1 
1 :f tan a tan 6 



tan a ± tan 6 
cot a cot 6 qp 1 



cot b ± cot a 

It may be easily seen that these formulae for the cotangent are 
the inverse of those for the tangent, as might be expected from 
their analogy to A, No. 3, and 4. 

In the same manner as before, we obtain 

1 1 

- g sec (a± fe) = = ■ 

cos (a±b) cos a cos 6 ::psin a sin b 

Dividing still in this case by the same four factors,, employed 
in the case of the tangent, and substituting the, secants, and, 

cosecants^ for their equals, Sc — r-, in conformity with 

the expressions of the series, B, we obtain the four follow- 
ing results, viz. 
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cosec a sec b 

sec(a±b) = 14 

cot a :f tan & 

sec a cosec h 

Bee (a±b) = r 1^ 

cot 6 q: tan a 



sec a sec b 

1 If tan a tan & 
cosec a cosec 6 



16 



17 



cot a cot 6 q= 1 

Substituting for the secants their values in terms of the tan- 
gents, taken from the radical expressions of series C, as has 
been done for smes D, these formulse undergo the following 
transformations^ which may easily be followed without being 
detailed : 

(1+Cot aa)i(l + tan2«i 

sec (a±6) = r 18 

cot a :f tan 6 

(1 -ftan a(i)i(l+cot«Wi 



cot 6 hf tan a 
(l+tan«o)i (l+tan«6)i 

1 =p tan a tan b 
(1 +cot^a)iil+coi^b)i 



19 



20 



21 



cot a cot 6 qc 1 

Applying a process exactiy analagoua to the expressions of the 
value of the cosecant, we obtain successively the following 
formulse, which are analogous to the preceding ones : 

1 1 

cosec (a ± 6) 8= = ^2 

sin (a ± b) sin a cos b ± cos a sin b 

cosec a sec b 
1 ± cot a tan 6 



32 PAKT I. 

sec a cosec b 
*4 C08CC (a±b = 



25 



26 



27 



28 



29 



30 



tan a cot 6 ± 1 




cosec a cosec 6 




cot b dt cot a 




sec a sec 6 




tan a ± tan 6 




(1 +cotaa)i(l+tan 


n)i 


1 ± cot a tan 6 




(l+tanaa)i(l +cot 


26)i 


tan a cot 6 ± 1 




(1 + cot »a)i (1 + cot 


H)i 


cot b ± cot a 




(1 + tan aa)i (1 + tan 


^b)i 



tan a ± tan b 

It is evident, that, if in these formulse for secant, and cose- 
cant, we should change the numerators into denominators, 
and the denominators into numerators, we should obtain ex- 
pressions for the sine, and cosine ; in their inverse applica- 
tion all these formulae are naturally reductions of compound 
expressions to the simple expressions of a compound angle; 
if therefore we meet with such formulae as the above in the 
course of a calculation, we have the means furnished us of 
rendering them much more simple. 
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CHAPTER IV. 

Combinations of the FormvlsB of Simple Angles* 

§ 18. The use which we have made, in the last chapter of 
tiie formulie of the series B, has given an instance of the 
value of the research of the combinations of trigonometric 
functionsy as applicable to the reduction of complicated for- 
mulse, as well as in obtaining expressions appropriate to the 
data that may present themselves in calculation. 

As it is evident, that these combinations ought to be the re* 
suit of the application of one or the other of the four rules of 
arithmetic, the investigation will be here made by this simple 
method. 

It is clear, that these combinations must be very numerous ; 
we shaH therefore, in this place, rather point out the road, 
that leads to their discovery, than enter into a detail of all 
the possible combinations. 

One of the frequent uses that is made of these formulie, 
consists in changing an addition or subtraction into a multi- 
plication, (in order to enable us to nrake use of logarithms,) 
and conversely. We shall therefore devote ourselves, princi- 
pally, to formulae that have properties of this sort. It will be 
easy, by a slight attention to the generid method, to reach any 
other form that may be desired in any particular case. 

$ 19. The simple addition and subtraction of the formula 
B, No. 8, applied to two angles, a> and ft, assuming, a 7 6, 
will give G 

sin A iinh sin a eos 6 ± cos aninh 

tan a ± tan i s: ± == , 

sin b cos b cos a cos b 

sm (a ± h) 
co» a.c9s b 
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1 ± col « taa & 
^ PWiding 'hjy Bmrnt^sh; tan a±taii h = 

S t:08 asinh; 



tola 
tan a cot 6 ± 1 


cot 6 
cilt h ±cot o 



« Bin a sin 6 ; 

cot a cot b 

From B^ No. 9^ treated in tiie same manner, we obtain 

cos b cos a sin a cos b ± cos a sin 6 - sin (a±h) 

^ cot6±cota= ± = ss 

sin b sin a sin a sin 6 sin a sin ( 

^ * 1 ± cot a tan 6 

? ninding by, sin a cos ^ ; cot & ± cot a = 



cos a sin & ; 



cos a cos 5 ; 



tan b 
tan a cot 6 ± 1 

tana 
tan « ± tan ( 



tan a tan fr 

From the combination of B^ No. 8 & 9^ aj^lied to different 
angles^ we obtain : 

cosa sin 6 cos a cos 6 ± sin a sin 6 cos(a:f&) 
5 cota±tan6s= ± = , • = 

sin a cos b ma cos b sin a cos b 

1 ± tan a tan 6 
10 Diyiding by, cos acos 4; cot a ± tan 6 = — 



1^ sin a sin i; 



tana 
cotacot 5 ± 1 

cot b 
cot 5 ± tan a 



112 cos a sin 6 ; s 

tan a cot ^ 
and 

C08& sin a cos a cos 6 ± sin a sin ( cos(a:7:5) 

IJS cot 6±tan a = — - ± « = 

sin b cos a sin ( cos a sin b cos a 
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1 ± tan ataii b 

DiTiding by, sin a CQ8 6 j cot ( d: tan a = — » - 1^ 

tan a 

cot acoth ± 1 

sin o am by = ■' 15 

cot a 

cot a ± tan b 
cos ( sin a } = ■■ 1^ 

cot a tan & 

T^e formulae, No. 2, 3, 4 ; 6, r, 8 ; 10, 11, 12 f 14, 15, 16 ; 
might evidentlj have been obtained^ with equal ease, by the 
simple multiplicatioii or division of the sums indicated by 
tangent a, tangent 5, or their products ; but as they natural- 
ly follow, from the method that has been employed previously, 
and since, in this way, the different values of the sums sought 
are collated, it seems to be more in conformity with systematic 
arrangement, to present tiiem in the Ivay they occur above. 
$ 20. The several combinations of the formulae, 8 & 9, of 
series B, by means of multiplication and division, are, as is 
clear, contained in those which precede. In effect we have, 
by comparing the formulae No. 5 & 8 ; No. 4 & 9 ^ No. 9 & 
12 ; No. 13 & 16, the following : 

tan a sin (a ± b) g 

tan a tan 5 = = 

cot b sin a sin b (tan a ± tan 6) .. 



cot a sin (a ± b) 
cot a cot 6 = — = > 



tan a cot 5 = 



tan b cos a cos b (cot b =t cot a) 
tan a cos (a :f 6) 



2 



cot a tan 6 = 



tan b sin a cos b (cot 6 ± tan a) ^ 

cot a cos (a qp b) 



cot b sin b cos a (cot a ± tan b) 

$ 21. The formulas G, No. 1, 5, 9, & 13, are, as is evi- 
dent, of such a nature as to change an addition or subtrac- 
tion into a multiplication or division ; they also serve, inverse- 
ly, in the construction of tables to find the tangents, by 
means of the sines and cosines. In like manner we obtain^ 
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by comparing : G^ No. 1, 2, and 3, and No. 9^ 10^ and 11, 
the following fermulie that will be of use. 

sin (adbft) cot a sin (ad: 6) 



1 ± coiatanb =^ 



% tana cot &±1 = 



3 ]±taDatanfr = 



cot a cot & ± 1 = 



cos o COS h sin a cos h 

sin (a ± h) cot h sin (a i: 6) 

cos a cos b cos a sin .6 

cos (a q= 6) tan a cos (a :7: b) 

sin a cos 6 cos a cos 6 
cos (a qp &) cot & cos (a ::f 6) 



sin a cos b cos a cos 6 

$ 22. By separating the signs in the formula G, No. 1, 

and multiplying the separate parts, we obtain a formula for 

the difference of the squares of the tangents, that is very 

simple, and analogous in its nature to the original formula ; 

we have 

sin («+6) sin (a— 6) 

5 (tan a+tan 6) (tan a— tan 5) = tan *a— tan *fe = __,- 

cos *a cos ^b 

And similar formulae are deduced, with equal ease, from the 
other formula of the same character ; they do not however 
appear to require, that their investigation be given here, in 
detail, and they are, besides, easily found in case they are 
neededr 



CHAPTER V. 

CoTnMnation of the Fermnlas of the 8um, and difference of 

two Angles. 

$ 23. Separating the signs in the formulae F, No. 1 and 
2, and combining them, by addition and subtraction, we ob- 
tain a series of simple formulae, that are very useful in their 
practical application Co calculation, viz. 
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«iD (a + h) + sin (a ~ -6) = ^ 

aiD a cos 6 + cos a sin 6 -f sin a cos 6 — sinfccos o = 2sin a cos 6 

sin (« + *)- sin (a - 6) =« 2 

sin a cos 6 +cos a sin 6 — sin a cos ft + sin 6 cos a = 2 cos a sin h 

cos (a — 6) + COB (a + 6) = 3 

cos o cos 6 + sin o sin 6 + cos a cos fc — sin a sin 6 = 2 cos a cos h 

cos (a — 6) — cos (a+b) ss: 4 

cos a cos 6 +sin o sin 6 — cos a cos 5 + sin a sin 6 = 2 sin a sin b 

sin {a±b)± cos (a± ft) = sin a (cos 6 ::p sin ft) ± cos a (cos ft ± sin ft) 5 

As this last formttla does not present any pecnliar interest, 
it is riot deduced in detail; it may be found by a simple cal- 

culation. 

$ 24. The addition of the two values of F, No. 3, with 
their signs changed, gives the following formulae, by means 
of a very simple process of reduction : 

sin (a ± ft) sin (a :f ft) 

tan (a ± ft) + tan (a ip ft) = 1 

cos (a ± ft). cos (a :f ft) 

Beducing to a common denominator 

sin (o ± ft) cos (a :f ft) + sin (a :f ft) cos (a ± ft) 

COS (a ± ft) cos (a qp ft) 

The numerator being = sin ^(a ± 6) + (a =F Vf\ = sin 2 a, 
and performing the multiplication in the denominator, we have 

the ibove. 

sin 2 a 



cos 'a cos *ft — sin 'a sin ^ft 

And because, cos sft ^ 1 — sin aft ; and, sin 'a =» 1 — cos 'a ; and 
by compensation, 

sin 2 a 

tan (o ± ft) + tan (o q: ft) = — _ 

cos^a — 8in*ft 

The subtraction of these same two expressions, gives a re- 
sult eacacily similar, with tiiis exception : that the two terms 
of the numerator are separated by the cdgn *— ^ instead of 
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+• It resalts from tliis : that, instead of the sine of the 
sum of the two angles {a±b) and {a:^b) the numerator repre- 
sents the sine of the difference of these angles ; we then have 
as numerator, 

SID ((a ± W - (a qp W) = sin (± 2 fc) = ± sin 2 6 

As the denominator does not undergo any change, the defini- 
tive formula, which requires the same steps for its reduction 
as the preceding, becomes 

± sin 2 6 

tan (a ± 6) — tan (a :^ 6) = 

cos'a — sin '6 

If we now treat in the same manner the formula for the co- 
tangents, F, No. 8, and pay attention to the fact, that the 
cotangents of small angles are greater than those of large 
angles j and therefore, as has heen already remarked, the 
subtraction must be inverted. We have 

cos (a qp 6) cos (a ± h) 

cot (a q= 6) + C9t (a ± 6) = 1 

sin (a If b) sin (a ± b) 

cos (a ::f b) sin {a ± b) + cos (a ± h) sin (a q= b) 



sin (a qp. b) sin (a ± 6) 

The numerator is evidently the same as in formula 6, and 
the denominator is reduced to the difference of the squares of 
the two terms of the formula which gives the sine of the 
sum or difference of two angles ; we then have, again, for the 
angle of the numerator, 

sin ((a ± 6) + (a qi b)) = sio 2a 

And the formula will, by applying reductions to the de- 
nominator, as before, ultimately become, 

sin 2 a 
8 cot (oqp b) + cot (a.± 6) = — ; 

cos }b — cos ^a 

Subtracting the same two formulie, we obtain^ as in the case 
of the tangent, a numerator that represents the difference of 
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tke angles, and consequently, has exactly the same Talue as 
in formula 7, except that the signs are inrerted, in conse- 
quence of the inverted subtk*action, that is to say, (a q= ft) — 
(a ± ft) = q= 2 ( ; and as the denominator remains the same as 
in formula 7, the final formula will become K 

q: sin 2 6 

cot (a qpb) ^ cot (a ± 6) =3 9 

cos »fc — cos •o 

By a process precisely similar to that given above, and whose 

detail is omitted here, for the express purpose of giving the 

student an opportunity of exercise in operations of the sortpi 

we may obtain the two following results : 

cos 2 h 

tan (a ± i) -f- cot (a :f:i) s lo 

cos a sin a qp sin b cos b 

— cos 2 a 
tan (a ± ft) •« (cot a if i) =5 ■ n 

cos a sin a 7 sin 6 cos b 

It is obvious, that more combinations of this sort may be 
made, from the corresponding fommlse. 
. . $ 25. It will easily be seen, by inspecting the formulse of 
$ £3 «nd 24, that by dividing any one of them by any other 
of the corresponding formulte, taking in $ 24 those which 
have either the same numerator or the same denominator, we 
can obtain formula of the greatest simplicity on the one 
side, corresponding to expressions on the other side of the 
equatMMQ, that are apparently complicated. But it would be 
useless to make these combinations here, as they are of the 
greatest facility. 

$ 26. The formulae of the series F, give, by multiplication, 
the following results. The signs being separated, as has 
been done in the greater part of the formulae of the jHreceding 
series K. 

Multiplying F, No. 1, and separating the signs, 
sin v(a+6) sin (a— 6) 

a (sin a cos i + cos a sin 6) (sin a cos & — sin & cos o) 
= sin «o cos *6 — cos *a sin 'b 
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L And Bubstitutingy according to series C, No. 4 and 5. 

1 sin (a -f 6) sin (a ^ 6) = sin *a ^ sin '6 

2 sss cos '6— cos 'a 

Multiplying F, No. 2, with separation of the signs^ and an 
analogous process. 

cos (a + b) cos (a — W 

sa (cos a cos 6 — sin a sin b) (cos a cos 6 + sin a sin b) 

3= cos '« cos *6 — sin *a sin 'fr 

^ BBS cos *a — sin «i 

4 • ss cos >6 ^sin 'a 

By multiplying together, F, No. S, separating the signs^ and 
obserring : that in conformity with B, No. Sf there is a divi- 
sion that always cinresponds with a multiplication, because 

1 

timg ss , we obtain the foHowing results : 

cot 

tan (a •+ b) sin (• + 6) s^i (a— b) 

tan (a + fc) tan (a — 6) = '• — ^ — = '• " 

cot (<r — ' W cos (a 4* W cos (o— 6) 

Bxpressing the factors of the numerator and the denomina* 
tor, multiplying them actually, and reducing, accordhig to 
series C, No. 4 and 5, this formula is reduced to 

tan (a + b) sin *o — sin ^b 

5 tan (a + fc) tan (a — fc) = — — = ■ 

cot (a — 6) cos *b — sin '• 

cos'^^cos^a 



cos ^o — sin *6 

We obtain, in the same manner, the two following formulae, 
which are, besides, already evident from the four trst formulas 
of the present series. 

cot (a 4- b) cos 'b -* sin <a 

6 cot (a + 5) cot (a - 6) = — ' = 

tan(a«-&) sins««-sin'^ 

cos 'a — sin *6 



cos '6 — sin «a 



CHAPTER VI. 41 

tan (a + b) »iii a coa a + sin i cos 6 ^ 

tan (o -f- b) cot (fl — 6) = — = -- — ^ 7 

tan (a ~ 6) sin a cos a — sin b cos & 

No. 5 and 6 evidently admit tlie variations in tkeir numera- 
tor and denominator that are pointed out by the equality of 
the two preceding ones. No. 1 and 2^ S and 4 ; and which 
are, besides, evident consequences of series C. 

$ 27. After this explanation, the manner in which analo- 
gous formulae for the secant and cosecant may be deduced, 
will be readily perceived ; this introduction may, therefore, 
be considered as sufficient, particularly as we do not conceive 
it necessary to give every possible formula, but merely to 
point out an easy and systematic mode of obtaining them. 

$ 28. By treating in the same manner those formulse of 
the series F, which express the tangents, cotangents, secants 
and cosecants of the sum or difference of two angles, in terms 
of the tangent and cotangent of the simple angles, we might 
obtain a series of symetric formulse in terms of the tangent 
and cotangent of the same simple angles. A great number of 
these are simple, and may be useful ; but for the reason al- 
ready stated, it will be sufficient merely to point out the 
method. 



CHAPTER VI. 

Trigonometric FuncHonSf that express the FunctUms of Sim- 
ple Angles f in terms of the Functions of Compound Angles* 

$ 29. As it has always been assumed, in the preceding 
formule, that a ^ (, it being natural to make such an as- 
sumption in announcing any two quantities whose value and 
ratio is indeterminate, it follows from the principles of alge- 
bra, that 

a = ^ (a + 6) -h i (a — . i)^ 6 = i (a + ft) — • i (^ — *) 
F 
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Applying these denominations to the formulae of the series 
F^ and limiting the investigation to the sine, cosine, and tan*^ 
gent, (which is sufficient to exhibit the principles of this ope- 
ration, and to lead to formulse of general application, in a 
short and easy manner,) we obtain in succession the follow- 
ing trigonometric functions, viz. 

M By F No. 1 will be obtained, 

sina = Bin (* (a+ b) + i(a~fc)) 
1 == sin J (a + W COB } (a — 6) + cos J (a +5) sin i(a — h) 

flBd alsO) 
6 Bin 6 = sin i (a + fc) cos J (a — &) — coff J (o + &) sin J (a — 6) 

By F No. 2 will be obtainecl, 

3 cos o = cos J (a 4" W (cos ^ (a — 6) — sin } (a + ^) ^in j^ (a — ^) 

and 

4 cos 6 = cos i{a + b) cos i (a — &) + sin J (a + 6) sin J (a — 6) 
By F No. 4 will be obtained tan a = tan (i (o + &) + J (a - &)) 

1 + tani (a — 6)cot }(fl + 6) 



* 



^ and likewise tan 6 = 



cot 4 (a + 6) — tan J (a - b) 
l-tan4(a-6)cotJ(a + 6) 

cot i (a + ft) + tan 4 (a - 6) 



It will be at once seen, that the formulae 5, 6, 7, of the same 
series, might be also employed for this purpose, and would 
lead to analogous results. The above formulae, 5 and 6, na- 
turally give the cotangent by a simple inversion. 

$ 30. If we now combine these formulae in the same man- 
ner, and by the same rules as the preceding, we shall obtain 
a series of formulae that are much more simple, and are sus- 
ceptible of becoming general for every proportional value of 
the angles. 

By addition, and the simple compensation of the signs 
of ihe seicond t^ms of &e tunes and cosines, we obtain, 
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By adding No. 1 and 2, or M 

sin a -f sin & == 2 sin I (a 4- 6) cos } (a — 6) 7 

By adding No. 3 and 4, or 

cos a 4* cos 6 = 2 cqs ^(a + h) cos 1 (a — 6} 

By adding No. 5 and 6, or tan a 4* tan 6 ^ 8 

1 + tan i (a — 6) cot J (a+b) 1 - tan J (o - W cot i (a -f 6) 

1 

cot J (a 4- 6) — tan i (a - 6) cot i (o 4- W + tan J (o « 6) 

And by reducing this to a common denominator and corapeD>- 
sating : 

2 tan i (a 4- 6) (14- tan» i(a - b)) 

tan a 4- tan 6 == 9 

1 — tan» J (a - 6) tan« i (a 4- b) 

By subtraction^ and a process exactly analogous to tiie above, 
we obtain ; 

By subtracting No. 2 from No. 1, or 

sin a — sin 6 = 2 sin i (a — b) cos h(a + b) iq 

By subtracting No. 3 from No. 4, or 

cos b — cos a = 2 sin 1 (a 4- ^) ^^^ Ha — b) n 

By subtracting No. 6 from No. 5, or 

2 cot i (a — 6) (I 4- cot* i (a+bj) 

tan a — tan 6 sk — — — — ' ' iq 

cot« i{a + b) cot« i{a — b)—l 

We further obtain, by multiplication, as follows : 

Multiplying No. 1 and 2, or, sin a sin b 
= sin« i (o 4- b) cos* i (o — 6) —cos' i (a 4- W tin* i(m — b) 
= sin» J(o4-&) — sin« 4(a— 6) 1^3 

as C08« i (O — • 6) C08« i (« + b) J4 

Multiplying No. 3 and 4, or» cos a cos b 
= cos* 4 (a + 6) cos* i (a — 6) — sin* J (a 4- b) sin« i (a— &) 
= cos* i (a 4- 6) — sin* J (a — b) 15 

= cds* i (a — 6) — sin* J (a 4" ^) ^6^ 
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n 



MultipljriDg No. 5 and 6, or 

1 — tan* i(a — b) cot^ J (a + 6) 



tan a tan 6 = 



cota i (o + 6) — tana ^ (a — 6) 



For since the ternns of the numerators and denominators in the 
two fractions are the same ; being in the one a sum, in the other 
a difference, their product is the difference of their squares. 
By the division of the similar functions of the two angles 
we obtain, as follows : 

Dividing No. 1 bj No. 2, or 

sin a sin i (a + b) cos J (a — h) -{- cos Ha + b) sin j (a — 6) 

sin b sin J (a + ^) cos i (o — b) — sin J (a — b) cos i (a + 6) 

And dividiog all the terms by the first term, 

sin a 1 4" cot i (a + 6) tan i (a — 6) 



18 



19 



sin 6 1 — cot i (a + 6) tan i (a — 6) 

It is evident that we also have : 

sin a tan i (a + fc) cot j (a — fc) + 1 



sin 6 tan i (a + 6) cot J (a — b) — 1 



Dividing No. 3 by No. 4, 

cos a cos i (0 + 6} cos i (a — b) — sin|(a + 6) sin j (o — 6) 



■•*- 



20. 



cos b cos i (a + 6) cos i (a — 6) + sin iia + b) sin i (a — 6) 

And dividing by the two terms successively, as before : 

1 ... tan i (a 4- 6) tan I <a — 6) 



cos a 



cos h 
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1 +tani(a + 6) tan J (o — 6) 
cot i, (a + b) cot i (a — h) — 1 

cot4(a + Wcoti(a— 6) + l 

The divisian of the sine and cosine of the same angle, evi- 
dently gives the formula 5 and 6, and cross divisions give 
'analogous formulse, expressed in terms of tangent and cotan- 
gent, which may be readily found when needed. 
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Dividing the tangents, we have by the fommlaB 5 and 69 

tan a (l+tan J(a — b) cot i (aj^b)) (cot i (a+6)+tan i(a— 6)) 

tan 6 ( 1 — tan J (a — 6) cot j (a+6)) (cot i (a+b) — tan i (a- 6)) 

coti(a+ft)4-taniCa-6)+tan}(a-6)cot»J(a+6)+cotJ(a-|-6)tan»J(a-5) 
cot J(a4.6)-.taa h Ca-6)-taa 4 (a-6)cot* i(a-|-6)4.cot | (a-fft) Un* 4 (a-A) 

cot J(a+*) (l +.tana 4 (a-6))+tan4(a-6)(l+cot« J(a+*)) 
cot4(a+ W (1 +tana4(o-.6)) -tan J(a-6) (l+cot« !(« + *)) 
And firom iseries C^ No. 6 and 7, 

cot h (a +b) seca i (a — b) + tan J (tf — fc) cosec^ i (a + 6) 
cot i (a + b) sec* J (a — 6) — tan J (a — b) cosec' i (a+ b) 

Taking from series B^ No. 1 and 2, squared; that is to 

1 1 

say, scc^ = — — ; cosec* = ; which values bdsg 

cos» sin* 

introduced in the formula, and the terms reduced to a com- 

mon denominator, that is compensated in the numerator and 

denominator, the formula is reduced to the following^ viz : 

cot i(a + b) sin> J (a + 6) + tan J (a — ^) cos* J (a — 6) 

cot i (a + 6) sin* i {a + b) — ton i (a—'b) cos* J (a — fc) 

Which by compensation is finally reduced to 

tan a sin i (a + b) cos it {a + b) + sin i (a— 6) cos J (a — i) 
tan b sin i{a+ b) cos J (a + 6) — sin 4 (a — ^) cos i {a — b) 

a formula that is rather curious than usefhl, and analogous to 
L, No. 7. 

§ 31 The preceding formulae from No. 7 may be combined 
fi)r different uses ; but as we may now assume the student to 
possess a sufficient knowledge of tiiis method of diditeeiiig 
compound trigonometric ftmctions, we shall onfy mentton a 
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few obtained by division, that, are of sucb frequent use^ that 
it would be improper to omit them. 

jj DiTiding No. 7 by No. 8, or 

sin a + sinb 2 sin i (a + 6) cos } (a — h) 

I = = tan 4 (a + 6) 

cos a + cos b 2 cos ^ (a + b) cos i (a — 6) 

Dividing No. 10 by No. 11, or 

sin a — sin b 2 sin { (a — b) cos J (a + 6) 

2 = _ = cot i {a + b) 

cos b — cos a 2 sin § (a + b) sin i (a — 6) 

Dividing No. 7 by No. 10, or 
sin a + sin & 2 sin § (a + ^) cos-J (o — 6) tan J (a + &) 



S 



sin a — sin & 2 sin i (a — 6) cos i (o + 6) tan § (a -^ 6) 

Dividing No. 8 by No. 1 1 , or 
cos a + cos 6 2 cos i{a +b) cos J (a — ft) cot | (« + ft) 

COS ft — COS a 2 sin i (a + ft) sin i (a — ft) tan i (a — ft) 

Dividing No. 7 by No. 1 1, or 

sin a + sin ft 2 sin i (a + ft) cos § (a — ft) 

5 — = = cot § (a — ft) 

cos ft — cos a 2 sin i (a + ft) sin i (a — ft) 

Dividing No. 10 by No. 8, or 

^ sin a — sin ft 2 sin i (a — ft) cos i (a + ft) 

^ = '• » tan J (a - ft) 

cos ft + cos a 2 cos i (a — ft) cos i (o + ft) 



CHAPTER VII* 

General FormiddB for the MuLtiple$ of Aiigles. 

$ 3£ The formulse of the preceding chapter, series M, are 
susceptible of the utmost generalization, and give, in this way^ 
general values of the trigonometric functions of the multiples 
of angles, expressed in terms of the functions of the simple 
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angle or some inferior multiple. To do this we need only 
assign to a, and (, a certain relative value, expressed in ge- 
neral terms ; we may then transcrihe the formulae in the form 
they assume under this supposition, transpose and reduce 
them by known compensations. 

Let us assume for the two angles, a, and (, the following 
proportional multiples: of a, make n a; and of b, make 
(n — 2) a« 

Taking the formulae 7, 8, 9, 10, 11, 12 5 transposing in 
the first place, in order to abridge the operation, all the 
second terms of each equation 5 we have as follows : 

From M, 

No. 7 ; sin na = 2 sId (n — 1) a cos a .. sio (n . 2) a 1 

8 ; coi fid = 2 cos (n ^ 1) a cos a — cos (n — 2) o 2 

2 tan (»— l)a(l + tan> a) 
S ; tan na = ' — tan (n — 2) a = 

1 — tan* (n — 1) a tan« a 

2 tan (n » 1) a sec' a — tan (n — . 2) a (l — tan* (n — 1) a tan* o) 

3 

1 — tan' (fi — 1 a tan' a 

From M, 

No. 10 ; sin na = 2 cos (n — 1) a sin a 4- sin (n — 2) a 4 

11 ; cos na = — 2 sin (n — 1) a sin a + cos (n — 2) a 5 

2 cot a (1 + cot' (fi -.!)«) 1 

12 ; tan na = • = 

cot' (n — 1) a cot' a — 1 cot(» — 2) a 

2 cota cosec' (n — 1) a cot (» — 2) a — cot' (n — 1) a cot' a + 1 

■ ' ' ■ ■ ■ ■ I I 11 ■ I ■ r* 

cot (n — 2) o (cot' (n — 1) a — cot' a — l) 

Notwithstanding the complicated appearance of No. 3 and 
6, they may be reduced to forms comparatively simple in their 
application to numbers substituted for n. 

We moreover have, by the formulae 5 and 6 of series 
M, egressions that fulfil (though in part only) the same 
object. 
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O By transfonning 

7 M No. 6 ; 



taD na = 



8 



6 ; tan (n — 2) a = 



1 + tan a tan (n — 1) a 

cot (n — 1) a^— tan a 
1 — tan a cot (n — 1 ) a 

cot (n — 1) o + tan a 



§ S3 If we gire to n, the value of the seyeral terms of the 
series of natural numbers in succession, we may obtain from 
tiie preceding formulse two series of expressions for multiple 
angles in a regular ascending order. Thus we have^ from 
the formulae O, No. 1 and 4, by successive assumptions of the 
F value of n, = 1^ 2, 3, &c* 



T 



1 



sin a =3 sin d 
sin 2a = 2 sin a cos a 
sin 3a = 2 sin 2a cos a — sin a 
-{ sin 4a = 2 sin 3a cos a — sin 2a 
sin 5a = 2 sin 4a cos a — sin 3a 
sin 6a = 2 sin 5a cos a — sin 4a 

« 

,sin 7a = &c. 



= sin a 

= 2 cos a sin a 

= 2 cos 2a sin a + sin a 

^ 2 cos 3a sin a + sin 2a 

= 2 cos 4a sin a ^- sin 3a 

= 2 sin 5a sin a + sin 4 a 



From the formulae % and 5, we obtain the following series 
for the cosines : 



cos a = cos a 

cos 2a 8 coa' a — 1 

cos 3a = 2 cos 2a cos a — cos a 

cos 4a = 2 CDS 3a cos a •-. cos 2a 

cos 5a = 2 cos 4a cos a ^ cos 3a 

cos 6a = 2 cos 5a cos a — cos 4a 

coa la a= l(c* 



= cos a 

= — 2 sin^ a + 1 

= — 2 sin 2a sin a + cos a 

= •» 2 sin 3a sin a -h cos 2a 

= — 2 sin 4a sin a + cos 3a 

= -— 2 sin 6a sin a + cos 4a 



We obtain for the tangents from the formula O^ No. 3, 
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tan A 



tan 2a 



tan a 
2 tan a 



tan da =£ 



1 — tan* a 

2 tan 2a + £ tan 2a tan' a . tan a + tan> Sa tan' a 



tan 4a =s 



tan5a =s 



tan 6a 



1 — tan « 2a tan* a 

2 tan 3a + 2 tan Satan* a — tan 2a + tan* Sa tan 2a tan* a 

I " — — »— ^5 

1 — tan* 3a tan* a 

2 tan 4a + 2 tan 4a tan* a^ tan So + tan* 4a tan 3a tan* a 

- 1 - ■■111 I I - -- ----- — . — 

I — tan* 4a tan^ a 
2 tan 5a + 2 tan 5a tan'a — tan 4a -|- tdn* 6a tan 4a tan* a 



m>*m 



1 — tan* ba tan* a 



tan la £= &c. 



FFom the formula 0^ No. 6^ we haye 



1 



tan a = 



cot a 
2 cot a 



tan 2a = 



cot* o — 1 

2 cot» a + cot* a cot^ 2o + 1 



tan So = -^ 



tan 4a 



cot 3 a cot* 2a — cot a 
2 cot a cot 2o + 2 cot a cot 2a col* 3a — cot* a col* Sa + 1 



. 



■*■■ 



tan 6a = 



cot 2o cot* So cot* a. — cot 2a 
2 cot a cot 3a+2 cot a cot 3a cot* 4a — cot * a cot* 4a-f I 

cot So cot' 4a cot* a — cot So 
2 cot a cot 4a + 2 cot a cot 4a cots 5a— cot* acot* 5a+ 1 



tan 6a = — 
tan la = &c. 



cot 4a cot* 5a cot* a -^ cot 4a 



6 



All these formulte may be changed into such as have no other 

functions involved^ than those of the simple angle ; bv siib- 
G 
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stituting successively in the formuliK of the multiple angles, 
the values found for tlieir different factors, in the expressions 
that precede them. There will result, as may be foreseen, 
a double series of formule, which will follow regular laws. 
From these may be deduced, finally, a general law for the 
combination of the trigonometric ftinctions of multiple an* 
i;les, in terms of the simple angle. It may readily be con- 
ceived, that, in consequence of the multiplicity of formulift 
furnished by the trigonometric functions, many similar series 
may be made* varied in a high degree, and adapted to every 
varying purpose. It will be also readily seen, that such se- 
ries must finally lead to a general law, in the same way that 
the binomial theorem furnishes the law that governs tiie corn* 
.biaatlon of the diflferent powers of two quantities* 



CHAPTER VIII. 

Wormulse far Double Jingles, expressed in terms qf the Fune- 
tians of the Simple Angles, and for Half Angles, expressed 
in terms of the Functions of the Whole Jingle. 

$ 34. Among the formuls that express the functions of mul^ 
tiple angles, in terms of the {unctions of the simple angle ; 
those ^vldch give the functions of the double angle, in terms 
of the functions of the simple angles aud the functions of the 
half angk, in terms of the whole angle; are of such frequent 
use, tiiat it is proper to treat of them separately^ and to coI«- 
lect the results for future use. 

In order to obtaih th^n, it is sufficient to assutne, in the 
formulsB of the series F, with the sign 4:f the value of a = ft, 
whence a+b==2a; to transcribe them here with the re- 
ductions produced by the calculation itself, and the formulie 
of the series B and C.^ In onler to abridge the work, and 
present at one view these formulm in a short table^ by ^rhich 
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the frequent use tbat Will be made of them may be facilitated^, 
we shall suppose that recourse is had to these series for tlie 
explanation of the requisite operations, and that it is not ne- 
cessary to refer to them in every particular instance. q. 

By F No. 1 , 16 obtained ; sin 2a = 2^ sin a cos a % 

2^ cos Sa = cos^ a — sin' « SL 

=3 1 _ 2 sin^ a S- 

= 2 003* a — t 4 

2 
4y liin 2« = - 



«, 



7, 



9^ eot 2a s=L 



n. 



cot a — tan a 


2 tana 


I — tan' d 


2 cot a 

1 


cot« a— l' 


cot a — tan 0^ 


2 


1 — tan* a 


2 tan a 


cot* a — \ 



12^ = 1 Oi 

2 cot a 

The three last formute being* evidentiy a mere inversion of 
the three Cwregoiiig, as might be expected. 

1 
By Fr No. ISy is obtaioed y sec 2a = 11 



cos* a — 


sin* 


a 


1 






2 cos* a 


~l 




1 







and hence, =3 — ___ _ j^ 



1 — 2 sin» a 



la 



^h,^ 
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14 By F, No. 16, sec 2o = J 

1 — tan« a 



see' a 



15 17, 



1« JW, 



17 21, 



It 22, cosec 2a = 



19 2&, 



cosec' a 

cot^ a — 1 
1 + tan> a 

1 — tan« a 

1 + cot« a 

cot* a — I 
1 

2 sin a cos a 
cosec^ a 



2 cot a 
sec^ a 



20 26, 



21 2^ 



512 30, 



2 tan a 
1 + cot« a 

2 cot a 
1 + Un« a 

2 tan a 



The formulae for the secant give new fonnul» for the cosine^ 
by changing the numerator into denominator, and inversely. 
The formula for the cosecant give new formulae for the sine, 
hy the same process. 

The formulsB F, No. 5, and 6 ; 18, and 19 ; 27, and 28, 
have not been employed, because they furnish less simple for- 
nuIsB, 9Xi'i it has not been considered necessary to swell this 
table by using them. 

§ 35. For the expression of the sine of half the angle, in 
terms of the functions of the whole angle, we first obtain, by 
the transposition of the formula Q, No. 3, writing i 0,9 ii^" 
stead of a ; and a, instead of 2 a. 
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2 sin* ^ a = I -- cos « whence R 

(1 — cos a)i 
sin I a = 1 

Substituting, in the first of these formulse^ the values taken 
from C, No« 5, we have, 

2 ain« J a = 1 - (1 - sin* a)* 

The part under the radicals, may be considered as the'difier- 
ence of two squares, and expressed by the product of the sum 
and difference of its roots. This transforms it into 

2 sin* la >= 1 — (1 -f sin a) i (1 — sin a)i 

Adding, on the right hand side of the equation, 

sin a sin a 

— => 0, wbich docs not change 

its value, and making 1 = i + }» it becomes 

sin a sin a 
5 sin* i « = i H + i (I + sin a)J(l - sina)i 

2 2 

1 — sin a 1 — sin a 

= T H (I + sin a)* (I -sin a)i 

2 2 

As this forms a complete square, we may extract the root, 
which gives us 

(1 + sin fl)* (1 - sin o)* 

sin i ^ V^ «a 

V2 ^"2 

and dividing by V^, 

sin i a = I (1 + »in a)i — J (1 — sin a)» 2 

We obtain for the expression of the cosine, by taking the 
formula F^ No. 4, and treating it in exactly the same man- 
ner that we liave 4one for the sine, the following results, in 
succession 3 viz. 

2 cos* i rt 5= 1 + cos « 
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^ whence 

(1 + COS a)* 

S cos } a es — 

And for the formula analogous to No. 2, of this series^ 
2 C08« I o «=a 1 + (1 - gin* a)* 

= 1 + (1 + lin a) * (1 - siD a)4 
1 + «iD a 1 — SID a 



. .* 



2 



+ + (1 + 8tn »)* (« - 8ina) 



(1 + sin a)* (1 - sin a)^ 

COS h a v^2 s I . ■■.. .. 4- —...^.—.^ 

4 COS J a = J (1 + sin a)i 4. j (1 — sin a)* 

We obtain an expression for the tangent, in a very simple 
way, by dividing the expression for the sine by that for thes ' 
cosine, thus : 

.SID i a (1 — C08a)i 

5 tan i a = = 

COS i a (1 -f cos a)i 

Multiplying both numerator and denominator by (1 cos a)* 

we obtain 

1 — cos a 1 — cos a 1 — cos a 

6 tan ) a = ■ ■ — — = -.. = 

(1 + cos a)h (1 - cos a)i (1 - cos* a)i sin a 

Or, multiplying in the same way by (1 + cos a)* 

(1 - cos a)» (1 + cos o)* (1 - co8» a)i sin a 

7 tan |a = — 



1 + cos a 1 + cos a 1 + cos a 

By the division of Xo. £ pf this series by No. 4, we obtain ; 
(1 + sin a)* - <l - sin d)* I + sin a - cos a 



8 tan i a = 



(1 + sin fl)J + (1 — sin a)i 1 + sin a + cos a 



' II I II ■• 
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CHAPTER IX. 

'Trigonometric FuncHans of Compound Jiiigles, of which one 

Part has a Deierminate Value* 

$ 36. Iir the formuIiB of the series F, whence we have 
deduced the elementary formulsB for angles in a determinate 
ratio to each other, we may also assume: that one of the 
angles has a determinate value; and deduce useful formul». 

In this case it will be proper to make use of angles of 
which the trigonometric flinctions that are to be employed 
are simple quantities. Taking then, as in series B, A = 1, 
and comparing the yalues of d and k, tow the several values 
of the angles; keeping also in mind the principles that have 
been already explained, namely, that 

ain 45^ = co8 45^, and tan 45^ = cot 45^ ; sec 45^ = cosec 45<» ; 

it will be found, by the application of the formula, 

A« = d« + *«, 



S 



1 
that sin 46o = cos 46*^ =■ i 

tan 46<' = cot 46^ = 1 2 

sec 46<> = cosec 46° = ^Z 3 

It being a property of the circle, that the chord of the sixth 
part of the circumference is equal to^ radius; and that the 
perpendicular drawn from the centre upon this chord divides 
it into two equal parts, which represent the d, of the half of 
this sixth part of the circumference ; that is to say, that as 
the sixth part of the circle is W, tiiese parts represent each 
the value of d, for an angle of SO"*; we have in addition to the 
above, 

sm W 3s cot eO"" « i 4 

And because sin'a a 1 *-coft^« 
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5 COS 30^ = BID 60' = (1 - (f)*)* = 

2 

1 

^ tan 30o = cot SO© = 

V3 

7 €0t 30o =JB tan 6(K = ^^3 

• sec 30° = coBec 60** = — 

9 cosec 30© = sec 60** = 2 

Tb«*e are a number of other similar values, to be found in 
the trigonometric functions, the research of which is called 
Rational Trigonometry. But we have no room to inquire 
into these, in this treatise. 

$ sr. ^JThe formulsB that employ these determinate angles, 
are easily deduced from those of the series F. 

Assuming, in the first place, that a = 45% we have 

cos 6 ± sin 6 

10 By F, No. I ; sin (46«» ± 6) = cos (46<^ T *) = — • 

cos 6 qp sin ^ 
31 2 ; cos (46o ± W = sin C46« q: &) = 

cos h ± sin h 

12 3 ; tan (45* ± t) = cot (46** :f 6) . 



13 4f 



14 ' 6; 



cos 6 qp sin fr 
1 ih tan fr 

I ::f tan 6 
cot&± 1 



cot & :f 1 

These formute also give tliose of the other trigonometric 
functions, by their inversion, which therefore are not rcjieated 
here. 

Substituting these values in succession^ in the formula of 
the series K, dividing by \/£ in the two first, and reducing 



Ai 



the two last^ as indicated in the formulie Q9 No. 3 and 4^ we 
have : 

By K, No. 1 and 3 ; 

sin (450 + &) + Bin (45<»-.6) co8 (46« + i)+co«(46*-6) 

• I 9^ cos b = ■ ■■ ^^ 

Bj K, No. 2 and 4 ; 

sin (46** + 6) - sin (46^- h) cos (46<» - 6) - cos (46« + 1) 

■' == sin ^ = ■ 16 

By K, No. 6 and 8 ; 

2 
tan (46°+6)+tan (460-*) = «= cot (45«-»+cot (46*'+i) 1^ 

C08 2& 

ByK, No. 7and9; 

2 sin 2b 

tan (46«+6)— tan(46o-ft) «■ =cot(46o-6)-cot(46**+i) Id 

cos 2b ^ 

If we aubstitute^ in these same formulsy the yalues of the 
sines^ cosines^ tangents, and cotangents, of the angles of 60% 
and 30% ascribing these values to the angle a, we obtain the 
following formulie : 

Cos & i: sin & ^3 
By F, No. 1 ; sin (30<> ± » = = sb (60« ± h) \% 



2 ; cos (30O ± 6) = — '-^ ' = sin (60* ± b) £0 



3 ; tan (30<» ± W = = cot (6O0 ± 6) 21 



4; 



2 


co»b ^3 :psin6 


2 


cos 6 =b sin b y/3 


cos 6 v^3 qp sin b 


1 ± tan 6 v'^ 


y/Sopteaib 


cot i db V3 



22 



5 ; = _ 23 

cot b ^S q:l 
H 



^ 



24 By K» No. i ; cos h = bid (30*" + b) -f lio (30^-6) 

== coa (60° + 6) + eog (60° - b) 

^5 2 ; sin 6 ^3 = sin (30° + b) ^ sin (30* - 6) 

•= cos (60° — 6) ^ cos (60° + b) 

«« ^; cos i ^/3 = cos (Sgo + A) 4- cos (30° - b) 

= sin (60° + ft) + sin (W - 6) j 

ar ^1 sin & = cos (30° - i) - cOs (4a* + *) 

= sin (60° + *) -• «n W* ^ i^) 
2 v^3 

28 ^ ; ■ = ton (30° ± 6) + ton (30° ^ b\ 

3-48in*6 ^ 

4 sin 2b 

29 7; =r ton (30* + 6) - ton (30* - 6) 

3 — 4 sin* 6 

2 V3 

50 ^» » cot (30* If 6) + cot (30* ± &) 

4cosafe — 3 

4 sin 2b 

31 ^ ; ' = cot (30*- 6) - cot (30* + 6) 

4 cos* 5 3 

V3 

52 ^; == tan (60° ± 6) + tao (60* q: b) 

'cos 2b 

4 sin 2b 

7," •- = tan (60° ± 6) — tan (60* zp b) 

J — 4 sin" b 
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2 ^3 

34 8 ; — — ^ =5 cot (60* T^) + cot (60* ± b) 

4 cos» A _ 1 

4 sin 26 

35 9 ; ' =r: cot (60° T ^) — cot (60* ±b) 

4 cosa i — 1 

These formulae will be more than sufficient to show the man- 
ner in which this investigation is performed. They are, be- 
sides, of little use at present, although they wete employed^ 
at least in part, in the first construction of trigonometric 
tables^ before they were expressed in an analytic form. 
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CHAfTER X. 

J^htmentifTy Considerations in relatim to the Jlpplication of 
Trigonometric Functipm to Analysis, and te Calculations va 
general. 

$ 38. It has been seen^ hj the series E, that the several 
trigonometric functions assume, in succession, every value 
between 0, and Infinity, both with the positive and negative 
sign. They are, in conseqtieaice, capable of representing 
every possible quantity l^at ean occur in calculation, and 
the different combinations of the trigonometric functions give 
the same combinations of tiiese quantities, that they do of the 
trigonometric functions themselves. 

The inspection of several of these formulae has already 
shown, that they may, for instatttce, serve to change an addi- 
tion or subtraction into a multiplication or division; and 
thus transform a calculatiod by natural numbers, into one by 
logarithms ; and in like manner to produce other changes of 
the form of calculations* Tables have even been made to 
facilitate such calculations. In tlie course of the solutions of 
triangles, whether plane or spheric, a frequent use will be 
made of them, by means of what are called auxiliary angles | 
and since the method is the same for all other quantities, it 
will be sufficiently illuatrated by this application of it. 

$ 39. There is another qase whei*e these functions are of 
great and general use in analysis. It deserves particular 
consideration, in consequence di the nature of the changes it 
demands in the trigonometric formulse, and of its great uti- 
lity. We speak of its aj^lication to those quantities that 
are called transcendental, which are .reducible to circular 
arcs, and occur frequently in the integral calculus. 

In order to prepare the way for this application of our 
formulse, it must be, in the first place, observed : that if 
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a? = sine a, we faave a =s arc whose sine is x* This is com* 
monlj expressed ftus : 

« = arc : BID (x) 

And so in all other cases ^ this expression is nothing more 
than the algebraic mode of expressing the idea ; as in the 
case of sine, cosine, kc* If, then, we assume : 

X :=: fin a 
y ='cot a 
2r = tan a 

we obtain for the elementary expressions of this mode of 
notation the following formnlc, which are analogous to those 
T of series A in the beginning, viz : 



1 

3 

4 



a = 



arc : 9in (x) 
= arc : cos (y) 
= arc : tan (z) 



== arc : cot 



= arc : sec 



=^ arc : cosec 



= arc : tao 



= arc : cot 



(t) 

(t) 

(t) 

(7) 



$ 40. We have also, by analogy with series C, the follow- 
ing propeiiies of these same quantities, with all their possible 
algebraic variations,- viz: 



I 



'S CflU- 



ism 
inik 
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1 


+ ^» 


= 


1 


1 


1 

+ - 


— 


1 
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Whence maj be deduced, as in the preceding sectiony the 
following formulae : 

a = arc : sin (v'Cl — Sf*)) ^ 



= arc : cos ( VO *" *')) 
of = arc : tan ^^" - y'>^ = 



10 



(.^<i^) = ^ . .. (_. ) „ 



= arc : cot {^^lLlLf!!l\ = arc : cot ( ? ^ 

V ^ / \V(l-!f-)/ 

= arc : Bcc ( 1 = arc : sec (^(l + 2^\) 



18 



13 



;= arc 



cosec I L- .| = arc : cosec | J^ALZLflA 14 



By means of these formulae, therefore, we may express, by 
one or more arcs, any quantity that is given in the form 
of one of the trigonometric formulae. Considering this 
quantity as representing the corresponding trigonometric 
function, the arc (here called a) will be tliat which is denoted 
by the trigonometric function, to which this quantity has 
been assumed to be equal, in conformity with the fundamental 
denominations assumed. 

It must be also observed ; that the simple function tliat is 
to be represented, must be that which corresponds to the 
function involved in the comj^lex formula ; since the object 
of this kind of transformation is always that of disengaging 
this quantity from its complications, by means of the relations 
4>f the several trigonometric functions ; as in this example : 

a = arc : sin w = arc : cot i ^- 1 



^£ 
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a = arc : cos (v^(l — x')) 

wo -1^)7 



= arc : tao 



= arc : sec 



and in like manner in every otber case. 

$ 41« To attain the object of this chapter, it wUI be suffi- 
cient to apply this mode of transforming functions to the 
fundamental formulae of the series F and Q. These occur 
most frequently, and will show the manner ol applying this 
method to every other form furnished by Analytic Trigo- 
nometry. 

For the series F, we must also assume another arc = 6 j of 
which the functions, corresponding to those of the arc a, are 
best distinguished merely by an accent; so that we have for 
the two arcs a, and b, 

a: = sin a x = sin b 

y = cos a y* = cos b 

z = tan o j?' = tan b 

with all their consequences, as above explained. 

Substituting these values, the formula F, No. 1, will be 
represented in the following manner. 

sin (a dt 6) = a; 3/' ab X y =s xyl{\ - x^) db x' ^/(l — a;^) 

Which will give, according to the principles tliat have been 
laid down, values such as : 

•in (arc : sin (x)±arc : sin (x)) = x y'^l — (x)«)±x'^(l~ ar^) 

and all the similar ones, that may be drawn from the 
preceding expressions. 

If we take, on both sides of the equations, the arcs whose 
trigonometric functions are . represented by these quantities, 
we obtain the result that is sought, viz ; 






\ 



I 
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arc : tio .(») ± arc : sin (x) 

=»arc:Bin(xv/(l— a;'«)±»VO -^')) 1 

ate : cos {y) ± arc : cos (y ) 

:*=: are : sin (y' •(! - yO ± y v/(l - y'')) 2 

From the formula for the cosine, F, No. 2, we obtain by 
a similar process : 

COS (o ± 6) = yy' 4= «»' = yy' ^ \/(i - y*) • - y 

Whence 

«M (arc : sin («) ± arc ; sin ix')) = V(l - «") ^(1 -«') T ^c*' 

cos (arc : cos (y) drarc t cos (y)) « yy'if= V'Cl - y«) ^/(l -- y'*) 

And as final results : 

arc : sin (a:)±arc : sin (»') 

= arc : cos (v^d - «■) v^(l -- « *) ±«*') ^ 

arc : cos (y) ± arc : cos (y) 

= arc : cos (yy T v/(l - y')v^(l -y'*)) ^ 

The formula F, No. 4> giires : 

1 ± Z' — Z±2' 

2 

tan (a ± fc) = 



(The three next formulae give forms that are identical.) 
We obtain from this last expression : 

Z±2' 

tan (arc : tan (z) ± arc : tan fe')) = 

And finally : 

arc : tan (z) ± arc : tan C?') = arc : tan ( i"^^} 
It will be readily conceived, that the use of these exprcs- 
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sionsy combined in every possible manner, and even the intro* 
dnction of the values of the tangents, instead of the values of 
the sines and cosines, and conversely, would fi|mish a multipli- 
city of formule ; but they would become either complicated 
or identical; for it must be considered, that we do not 
t^at of the quantities themselves, but of the form of their 
combinations. 

It will be seen, that in this point of view, the formul» U, 
1 and 2, are already identical ; for each of them shows, in 
each of its terms, a simple quantity, and the square root of 
Unity diminished by a square. 

This is not the case in the formula deduced from the cosine; 
for in them the different products have different signs. The 
cotangents will evidently give the inverse of the tangents ; 
and the same is the case with the secant and cosecant, in re- 
lation to the cosines and the sines. 

$ 42. Applying this process to the series Q, we obtain : 

By Q, No. 1 ; 8io 2« = 2xy =s 2« ^^(l — x«) = 2y y/(l — ya) 
which gives 

sin (2 arc : sin (x)) = 2« v(l — **) 
whence 
r arc : sin (x) » i arc : sin (2« ^il - x^)) 

Qj and 
[ arc : G08 (y) = J arc : sin (2y ^(1 - y»)) 

By Q, No. 3 & 4 ; 

cos 2a =: l-2aF« = l-2v^(l-y3) 

= 2 V(l -««)- 1 = 2y«-l 
COS (2 arc : sin (ar)) = 1 - 2a5« = 2 ^(l - x») - 1 
cos (2 arc : cos (y)) = 1-^2 ^(l — y*) = 2ya — I 

and from these we obtain 

7 arc : sin (x) ss i arc : cos (I — 2a:») 

= larc : cos (2 ^(t — a;^) - l) 



arc : cos (y) «sa | arc : cos (l --5 ^1 — ^*)) 

ssa I arc : cos (2j^« — 1) 

2 2z 

Bj Q,, No. 6 J taa 2a := == ■ 



1 

ar 1 - ^a 

z 



vheace 



22r 



taa ^2 arc : tan (2)) = 



1 -.2« 



These formuIsB^ which may besides be useful, will suffice to 
give an idea of this application of Trigonometry in the analy- 
sis of infinitesimals. 



CHAPTER XI. 

General Formulae for the Trigonometric Functions of MMHple 
•Angles, in Terms of the Functions of the Simple JSngle 
only. 

$ 43. Ijf chapter YII. we have exhibited general and 
simple formula for the sine, cosine, and tangent, of a multiple 
angle, in terms of the functions of its aliquot parts ; and like- 
wise their application to successive multiples, in the sieries P. 

By successive substitutions and reductions, we might de- 
duce from these, expressions in terms of the functions of the 
simple angle only. 

For the sake of greater simplicity, we shall here deduce 

these formulae from those of series F, No. 1 and 2, alone. 

After a^ small number of multiples have been examined, 

a general law will be discovered, by which the determinatieita 
I 
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of the numerical coeflteieats, aad the order in which the 
|iowers of the sevearal functions succeed each other, is pre- 
scribed. This law will thus be established by induction ; and 
in the succeeding chapter we shall apply it, in order to pve 
an idea of the manner in which trigonometric tables may be 
constructed ; a subject whose principles must be understood, 
although it cannot be here treated of in all its details. 

It may easily be seen, that a variety of formute might be 
obtiuned, but we shall treat of tiiose only which are the most 
simple. 

$ 44. If, in the formula F, No. 1 and 2, we assume a = ft, 
we have seen in section 34, by the formulae Q» ^<>* ^ ^uid 2, 
that: 

• • • 

sin 2a SB 2 sin a cos a 
cos 2a = cos" a — sin* a 

Continuing this process, by means of successive assump- 
tions, such as 

& = 2a ; whence a -{■ b ^= Sa 

we obtain for this case in the first place, by F, No. 1 : 



sin 3a = sin 2a co8 a + cos 2a sin a 



and 



cos 3a = cos 2a cos a 



sin 2a sin a 



Substituting the values of sine 2a, and cosine 2a, in con- 
formity to the value just preceding, we obtain : 



and 



sin 3a. =:: 2 sin a eos^ a + sin a cos* a-— nn' a . 
= 3 sin a cos" a — sin* a 

cos 3a = cos^ a — cos a sin« a — 2 sin" a cos a 
=s cos^a — 3 sin"a cos a 



For a quadruple angle we shall have : 



Bin 4a = sin 3a cos a -f- cos Batatt a 
cos 4a = cos 3a cos a — sin 3a sin a 

And substituting from the lastj 

sin 4a .=s 3 sin a cos^ a — * sifi' a cos a + cos^'a sin a — 3 sin> a cos # 

Reducing: 

siot 4d ==: 4 sin a cm* d — 4 sio^ cr cos » 

m like manner ; 

cos 4a » cos^ a — 3 siti' a cos' a^ 3 cess a sin^ d -f" si^^ <i 
= COS* a — 6 sin^ a cos* a + sin* a 

We obtain for a quintuple angle the following results in: 
succession : 

» 

sin 5a s= sin 4a cos a ^ cos 4a sin a 

c=a4sinaco8*a— 4sin3acos'a+sinacos*a — 6sin'acos'a+sin*a 

= 6 sin a cos* a — 10 sin* a cos" a + sin* <"- 

and 

€os 5a SB cos 4a cos a — sib 4;a sin a 

s=cos^a— 6sin"acos3a-hsin*acosa — 4sin^acos' a4.48i&^fteot«^ 

= cos' a — 10 sin^ a cos' a -f* ^ sin^ a co»a 

It is easy to extend this calculation to the subsequent muK 
tiplesy for which reason we shall only give the results. 

SID 6a = 6 sin a cos'^ a — 20 sin' a cos' a -I- 6 si^a cos a . 
cos 6a = cos* a — 15 sin* a cos* a + 15 sin* o cos* a —sin* d 
sin 7a = 7 sioacos^a — 35sin' aco8*a + 21sin*acos* a— sin'^d' 
(COS 7a = cos'' a— -21 cos* a sin* a + 36 cos' a sin* a— 7 cosa.8in*ai 

The simplest, and therefore the best, mode c^ ebnsiderittgl 
the tangent, is,^ by dividing the sine by the cosine^ and re- 
ducing. By this process we have l 
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ton 2a 



SIB fa 



cos 2a 



2 sin a cos a 



2 tan a 



cos* a — sin* a 



1 — tan* o 



tan 3a = 



3 sin a cos* a — sin 'a 
COB* a — 3 sin* a cos a 



3 tana — tan' a 



1 — 3 tan> a 



To obtain the second result, we divide constantly hj that 
power of the cosine which constitutes the first term of the 
denominator. 

It may be proper, before proceeding farther, to unite all 
these results in a table j by which their use may be facilitate 
in obtaining conclusions from them for the general formuto 
that are the object of this investigation* 



W 



I 



sm a s= sm a 

sin 2a » 2 sin a cos a 

sin 3a = 3 sin a cos* a — sin^ a 

sin 4a n 4 sin a cos* a -— 4 sin^ a cos a 

sin 5a =s 6 sin a cos^ a ^ 10 sin^ a cos * a -{- am' a 

sin 6a BBS 6 sin a cos' a — 20 sin* a cos* a + 6 sin* a cos a 

sin 7a = 7 sin a cos* a— 36 sin* a cos* a + 21 sin' acos* a— sin* a 

sin 8a = kc. 



r 



cos a 
cos 2a 
cos 3a 
cos 4a 
cos 6a 
cos 6a 
cos 7a 
cos 8a 



= cos a 



cos* a 



cos* a 
cos^% - 
cos* a 
cos* a 
cos^a- 
&c. 



- sin* a 

- 3 sin* a cos a 

• 6 sin* a cos* a + sin* a 

- 10 sin* a cos* a 4^ 6 sin^ a cos a 

-16 sin* a cos* a + 16 sin* a cos* a — sin* a 
21 fiin*acos* a + 36 sin*acos* a — 78in* acos a 



^^...1 ■ -a^ 



■ki^^ 



I,* ■^' 



tan a = 



taa2a = 



tan Sa 



tan 4a 



tan 6a = 



tan &a = 



tan 7a =: 



tan a 

2 tan a 

1— tan*a 

3 tan a — tan* a 

1 — 3 tan*'a 

4 tan a — 4 tan^ a 

1 — 6 tan* a + tan* a * 

6 tan a * 10 tan' a + tan* a 

1 — 10 tan' a 4- 6 tan* a 

6 tan a — 20 tan* a + 6 tan' a 

1 — 16 tan* a + 16 tan* a *- tan* a 

7 tan a _ 36 tan* a + 21 tan* a — tan^ a 
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W 

1 



3 



1 — 21 tan* a + 36 tan* a — 7 tan* a 
tan 8a = &c. 

$ 45. If we consider the foregoing formulie for the sine 
and cosine of the multiple angles expressed wholly in terms 
of the sines and cosines of the simple angles, and their suc- 
cessive powers, both in relation to the order in which these 
powers, and to that in which their coefficients, occur, we 
shall perceive, that : for every corresponding multiple of the 
sine and cosine, beginning at the first term of the cosine^ 
thence passing to the first term of the sine, then from the 
second term of the cosine to the second of the sine, /ind so on 
to the end j we have all the terms of the binomiat in regular 
order, as well for the powers of cosine a, and sine a, as for 
their numeric coefficients j ¥nith this difTerence only, that a 
regular change of the signs^ +» And — , takes place sepa- 
ately, in each of the series. 

The same law holds good in the case of the tangents^ as 
far as regards tiie coefficients ; and the powers of the tatigents 
follow in a regular order, from the numerator to the denomi- 
nator, alternately. 



i^ri^MMMk 



■k—- ^^.^.Ztit 



mk 



mt^ 



7% want I. 

§ 46. We mBj, iherefore, substitute the tenas of tiie bino- 
mial theorem in the fonnuln, which will espresa at one riew 
the general law. Calling, then, the number that expresses 
the multiple of the angle, n, we shall have the following gene- 
ral formuln, viz : 

« (« — 1) j[« _ 2) 

4 sin IMS Bs n sin a cos""* " a sin' a cos' "" * • 

1.2.3 

n (« - 1) (« — 2) (n-3) (« -4) 
-|. ■ sin* a cos*""* a 

1.2.3.4.6 

»(n — 1) . . . . (n — 6) 

— ■ — sin^ a cos' ^ "^ a 
1 . 2 7 

»(n-l) 

5 cos tt a as cos" a — cos"~ ^ a sin* a 

1 . 2 

fi(tt— 1) C«— 2) (n — 3) 

+ cos" - * a sin* a 

1.2.3.4 

«(« — 1) ....(» — 5) 

— ■ cos*- • a sin* a 
I . 2 6 

n (« •*- 1) . . . . (» — 7) 
+ I cosP - • o sin* a — &C. + te» 

1 . 2 g 

Making, in these tw^ series, cosine^ a, & common factmr to 
the whole series, thej present series with the powers of the 
^HBgfmt of the sim^ arc in regular succession ; thus : 

/ »(»~l)(ii-2) 

6 «w n <^ = <os" a I a tan a '— -— tan» a 

^ 2.3 



ii(|i^l)(a-2)(a-3)(n-.4) 

+ tan« a 

2.3.4.5 

11 (n — I) (« — 2) (^ — ^) 

— I ■ tan'' a 

2.3.4.6.6.7 



n (a — I) (»— 2) . . . . (» - a) V 

+ ' ■ ■' tan* a — &€. + &c. J 






f COS « a = coa* a | 1 — ! — tan' a 

2 



= coa* a 1 1 — 



n(n-l)(tt — 2)(n— i) 
+ ■ ■ tan* m 

2.3.4 

n (n -1) (* - 8) (n—S) (« -* 4) (« — 5) 
— ■ '■ tan*# 

n (fi — 1) (ii — 2) (n — 3) (««. 7) 

+ ' < ■ tan* « 

2. 3«4a6*-o« 7«B 

n (fi — l) .... (n — 9) V 
— tan«» ^ + kc. -^ kc.\ 



2 10 



f. 



Bj the division of 6 by 7, the series for the tangent 
becomes: 

n(n- 1) (n- 2) n (n - 4^ 

n tan a — 7— tan* a •{ tao* a 

tannats 1 -_- — 3 

n(n — 1) n (n — 8) n...^n — 5) 

1 tm>a-f tan*# : .^tt|i*« 

2 1 ^.4 1.,........6 

h(n — 1) (n — «) 

— — ^— ^— Un7 i0 4. Jbc. 

2. 7 

11 (n — 1)........(» — 7) 

+ — tan* a — &c. 

2 8 

Performing the division which is here indicated^ (which 
maj be done most easily by the method of indeterminate co- 

^ efficients, that will be explained hereafter,) it is immediately 

discovered, that every subsequent term of the resulting series 
depends on all the preceding ones, by a combination of the 
binomial coefficients; the law of which is easy and simple, al- 
though the series itself, when developed, becomes long and 
complicated, though regular. It shall be represented here in 
the first shape. For this purpose, let the series be represented 

\ by the following, with undetermined coefficients^ which^ it 
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will be seen^ may all be detennmed fixmi each other when the 
flnrt is determinate, as is the case. 

taoaa =j9tana-|-B tan* a + C tan' a+ D tan^ a 

+ £Un« a + Ftan" d 

The determination of these coefficients {^ves .4 = n ; and 
therefore, for the convenience of writing the result, denote 
the succesdye binomial coefficients thus ; call : 



n- 1 



tt — 2 



11-8 



= «i I 



*s » 



» J 



n- 4 



'4 » 



fi — 6 



6 



= «, ; &c. 



9- 



Then wiU the series be represented in the following form : 

"tan »a =^ n tan a + (n n^ A ^ n n^ n,) tan* a 

+ (««, B — 11 0| n^ n, .4 + fin, n, n^ n^) tan' a 

+ (« fi| C — n 11, iij ftg B + » n,....nj jJ — n n,.. .n^) tan'' a 

-|- (nwi D •— fm, n^ iij C + fli....n^ B— fi....nY j9 

+ n...,fig) tan® a + (ft n, £ — n n, n, n, D 

+ n.«..n^ C— fi....fi^ B + fi.,..n, j1 — n....fi,) tan*' a + &c. 

which may evidentlj be continued with ease, as the law is 
. apparent. The developement of the factor remaining some- 
what complicated, it may be omitted here, particularly as in 
all calculations of series, the terms are calculated in succes- 
rion, the first term being always made the largest. 
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CHAPTER XII. 

BUmentary Ideas relating to the Construction of Trigonometric 

Tables: 

§ 4T* We have already seen, that the circumference) of the 
circle and the trigonometric functions are incommensurable ; 
the latter cannot, therefore, be expressed in.parts of the first, 
and conversely, except by approximation, or by the trans- 
cendental or infinitessin^al analysis. The first of these me- 
thods was employed at lirst, before the latter had cleared an 
easy way to results of l^is nature. 

In order, t^n, to gif e an idea of the meliiods that may be 
employed to determine the trigonometric functions, by the 
methods of the infiniteisimal calculus, it is necessary that we 
previously give an idea of the form of this calculus. 

In the series of fo:i|rmulsB E, we have already seen the ex- 
pression i = Infini^. By it we are to understand, that the 
quantity it expresses is greater than can be expressed by 
numbers, in the same way that represents the absence of all 
quantity. An attentive observation of the values given by the 
series E, shows the complete circle of all possible quantities ; 
for in it the ratios between the several lines are seen to in- 
crease from to go, both positive and negative j and under- 
going changes of sign in both transitions, through these ex- 
treme values. This ^ows, at the same time, that all conside- 
ration of quantity is wholly relative, for it is from a ratio 
that this result is obtained ; a result, as simple as it is valua- 
ble, in mathematical researches. 

We ground upon the foregoing, a principle of constant use 
in the infinitesimal calculus ; it consists in repelling or. re- 
jecting in this calculus every quantity which is not multijdied 
by 00, as nof appertaining to the hypothesis on which this 

calculus is fomded. 

R 
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Admitting then qo into the series of symbols, that express 

1 
quantity^ we shall have equal to what is called : infinite- 

QO 

ly small, and as in every species of calculus we must emplojr 
the conventional signs in conformity with their conventional 
signification, and the value attributed to them, we have 

1 a QO 
00 5= 1 ; or = a ; 

00 00 

that is to say, a quantity divided by oo, and multiplied by qo^ 
is equal to the quantity itself, as is the case with any other 
number ; all this is no more than a form of calculus, by which 
the properties of oo are determined, or agreed upon, as is the 
case with all other symbols that i-epresent quantity. We must 
never lose sight of the principle, that in analysis in general 
we only consider the form of the combinations of quantities, 
without regard to the quantities themselves j except so far as 
regards their ratios to certain other quantities, that are com- 
pared or placed in relation with them. 

When what has been said above* is once understood, it will 
be easy to comprehend the use that is made of these princi- 
ples, in this chapter ; in which we show the manner of deter- 
mining, by means of the general formulas already given, the 
trignometric functions of a given angle or arc, upon the as- 
sumption, that the value of «* is known ; which supposition is 
then justified by the inversion of these results, so as to de- 
termine tiie value of «', by means of the preceding formulae, 
expressed in parts of the radius taken equal to Unity. 

§ 48. In conformity with the principles just laid down, it 

will be sufficient to assume, in the series W, No* 4, 5, 6, and 7, 

1 
the arc a = — ^ ; that is to say, infinitely small ; and the 

00 

number by which it is multiplied, 11=00, and investigate 
the consequences of this hypothesis, in conformity with the 
principles and formulae already explained. 
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It will be ascertained, bj means of the values found in the 

1 
series E, that when a == ; the value of cos a = 1 ; the 

QO 

sine or the tangent is equal to the arc itself, being all perpen- 
diculars at the end of the radius = 1, and indefinitely 
small. 

This supposition will transform the formulsB quoted, into 
such as contain only the powers of the quantity, {na,) and 
the numbers that are found in the denominators of the several 
terms. (To make this more clear, as well as for the sake of 
brevity, we shall here suppose na = x.) 

By this method of proceeding, the formula W, No, 4, is 
transformed thus : 

sin c = oj — -|- 



2.3 2.3.4.5 2.3.4.8.6.7 2.4.6.6.7.8.9 

+ &C. 1 



2.3 10.11 

and the formula W, No. 5, into the following : 

** x* x" x« 

COS X = 1 — — + ' — + ■ 

^ 2 2.3.4 2.3.4.6.6 2.3.4.6.6.7.8 



[lo xn 



+ &c. 2 



2.3 9,10 2.3 11.12 

The formula for the tangent W, No. 9, becomes 

x^ 2x' 17 a;^ 2.31 «» 2.691.a:«* 

tan « = X + 1- h 1 h 



3 3.6 3r6.7 3*.6.7»9 3f.6».7.9.11 
2.8447.x>3 



38.62.7.9.11,13 



+ &C. 



§ 49. These series then give, by approximation, the sine, 
cosine, and tangent of an arc {na =a?) which is suffposied to 



76 PABT I. 

be given under the hypothesis, that n =« OD, and a = — ; 

CO 

this arc being expressed in the same terms as ir, or in tenns 
of the radius* 

The inspection of the formuls that present increasing 
powers of this arc, shows, that in order to obtain a series 
whose following terms shall each be less than that which 
precedes it, (x,) must be a fraction, the powers of which con- 
stantlj decrease ; this will always be the case here, as the 
arc equal to the radius, which is the unity in which ^ is given^ 
is mure than 57*'.17'.44'', 8, and we have seen, (in chapt«*9,) 
that the trigonometric functions need at farthest be calculated 
to 45**. A multiplicity of formula give the values of the tri- 
gonometric functions of compound knd multiple arcs^ from 
the functions of their parts ; it is therefore sufficient to calcu- 
late the latter, by those series, in a proper manner^ to obtain 
all those which may be necessary. 

The smaller the arc x, the fewer terms of the series will 
be ni^ed, in order to obtain the value accurately to a given 
number of decimal places : but in this respect it is obviously 
necessary : that, as the result of the first calculation is to be 
multiplied, to obtain functions of the greater arcs, we must 
give to the first calculation or value, a proportionally greater 
number of decimals. 

These explanations will suffice to give an idea of the man- 
ner in which trigonometric tables may be calculated, which 
is all that we need illustrate in this treatise, 

$ 50. The last condition that remains, is, to determine 
the value of «*, in terms of the diameter, or rather, of i^, 
in terms of the radius, which is evidentiy the same thing. 
The series which have been pointed out, perform this offipe 
also, by means of the process in calculation, called the 
inversion of series. This process has in itself no difficulty ; 
it will be explained by the application which shall he|^ be 
made of it, in relation to the last of the above series, which 
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is chosen here» on account of its leading hj the most converg- 
ing series, to the end here proposed. 

To do this, a series is supposed given in the form in which 
it may be always easily foreseen that it will assume, in which 
the coefficients are indeterminate, and become determined in 
the course of the process. 

For this purpose we shall assume, in the present case, 

flp = j9 tan s + B tan^ x+ C tan* at + Z) tan'' x + ^ tan« « + &c. 

We shall next express the several values of tangent x, 
tangmt 'x, &c. by the preceding series, X, No. S, audits cor- 
responding powers, using no more terms than are necessary 
to determine the law of the progression of the coefficients. 
The sum of all the terms, will evidently give a new value of 
a?) and subtracting x from both sides of the equation, the va- 
lue of the resulting series becomes = ; from this it neces- 
sarily follows, that each sum of the terms of the various pow- 
ers of tangento; will itself be =» 0, since the equation must be 
true whatever be the value of tangent x. From this conse- 
•quencearededuced as many equations as there are undetermin- 
ed coefficients ; these coefficients therefore become determina- 
ble in succession ; the value of the entire series will, in conse- 
quence, be determined by the insertion of those values in their 
proper places. 

The following is the process : 

Expressing the several values of the powers of tangent Xp 
by the multiplication of series No. 5, itself, we obtain, after 
multiplying each by its appropriate coefficient, 

A 2j3 17 j9 BZA 

j1 tan » = Ax A «* -| x' + «'' + «• + 

3 3.6 3«.6.7 3^.6.7.9 



Btan^s = 


B x^ + 


UB 

JB «» + «^ + 

3.5 


88B 
3».7 


Ctan» X = 


+ 


6C 

C«» + xt + 

3 


16 C 
3» 
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£tao*» = 
Ftan"« = 
&c. kc. 



ID 

D xf -I «» 

3 



+ 

+ 



The series given abore for x, becomes thus equal te the sum 
of all these terms, and subtractihg x from both sides of the 
equation 



= (J - 1) « + 



(!+«)..+( 



2 j9 

» + l + B + C 

3.6 



J«» 



+ 



(n A 
3>.6. 



17 j9 11 B 

- + + 

7 3.6 



(62 A 
3>.6.7. 



62A 88B 16C 7D 

- + + + + £ I «• + &c. 

9 3*.7 3« 3 



6C \ 

— + Djx' 

) 



We thus obtain, for the determination of these coefficients, 
the following successive equations and results : 

il _ 1 = whence jf s= i 

1 



A 

— + B 

3 



iA 



3.6 



+ B + C = 



B =r - 



1 

C = +- 
6 



17j1 IIB bC 

+ + + D = 

3«.6.7 3.6 3 

6ft A 88 B 16 C ID 

+ + + + E 

3«.6.7.9 33.7 3« 3 

&c. &c. 



/> = 



1 

7 



= 



E 



1 

+ — 
9 



Substituting these values of the coefficients, in the series as- 
sumed for the value of x, we finally obtain 



■<i»i I rwrnmrntm^ 



GHAPmR XII. 79 

X aa tan 01 — } tan» x + \ tan* « — 4 *•**' « + i tan' x 

— tV ****** * + ^» 

$ 51. To make use of this series for the purpose of deter- 
mining the value of ir, we may make use of several methods, 
drawn from the combination of different arcs, whose tangents 
are rational, or expressed in simple fractions. As an exam- 
ple we shall only choose the following : 

Assuming the arc of 45% whose tangent = 1, to be 
compounded of two other arcs, the tangent of one of which 
tan a = i ; we have by formula F, No. 6, 

f + tan 4 

tan(a + i) = 1 = 

1 - Itani 

which gives the value of 

tan ft = \ 

We therefore have two tangents, expressed in simple fractions, 
that may be introduced into the series X, No. 4, and whose 
sum will give the value of the arc of 45*". Four times fliis 
value is the half circumference, or the value of «', which is 
the quantity sought, expressed in terms of the radius = 1. 
This substitution in the series gives 

i4 - J (*)* + » (4)' - ^ W' + t W - tV (*)•' 

Performing these calculations to a sufficient number of terms, 
we obtain^ in whole numbers and decimals, 

«* = 3,1415926535897932384626433832795, &c. ' 

This being the value of an arc of 180% in terms of the ra- 
dii^, it may be seen how flie value of any arc whatsoever, 
may be expressed in parts of the same radius, by taking a 
proportional part of this value of 180*". This value of an 
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arc s aCf-mnj then be inserted in the series X, No* 1, 9, 3, to 
calculate from it the sine, aaine, or tangent, in conformity to 
the assumptions that have been made in speaking of these 
series. 

§ 52, We have flius completed the circle of our analytic 
investigationy in relation to the trigonometric functions; be- 
ginning with the elementary definitions, or functions, dedu- 
ced from the ratios existing between the sides of a right-an- 
gled plane triangle, and proceeding until we reach the deter- 
1 mination of the value of the circumference of the circle in 

1 terms of tiie radius ; which last value serves as a foundation 

[ for the calculation of trigonometric functions in actual 

[ numbers* 

I By means of series more advantageous than those which 

' have been given, but whose investigation here would lead us 

too far, the number «*, has been calculated to 148. places of 
decimals ; an accuracy far beyond what is ever necessary in 
any calculation whatever; and which, even more than ever, 
renders it useless to search for the quadrature of the circle* 
w It cannot belong to tiiis treatise to treat of logarithmic 

series for the trigonometric functions ; logarithms in general, 
forming no part of our plan, would introduce a complication 
Ifcat is not intended. In the 4ih part of this treatise, their 
l^owledge is, however, necessarily supposed, at least so 
far as all trigonometric tables usually teach, in their intro- 
duction* 
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CHAPTER I. 

Solution of all the Cases of Oblique Angled Plane Trigonometry* 

§ 53. Provided with the analysis, the results, and formulse 
of the foregoing chapters, Oblique Angled Plane Tiigonome- 
try becomes an easy application of the formulse we have ob- 
tained to the solution of all its several problems. We shall 
here treat of it in this point of view. 

In order to determine a lineal dimension, it is necessary that 
one of the given quantities should be also a lineal dimension. 

To determine the absolute value of a triangle, we must 
therefore have, among the data, one of its sides, for it is 
well known, by the elementary principles of geometry, that 
the determination of the angles only, determines nothing more 
than the similarity of the triangles. 

We now give the various problems with their solutions. 

§ 54. Problem I. To find the relation between the sides 
and one of the trignometric functions of the angles of an 
oblique. an^ed plane triangle. 

Let JiBC, (figure 6, and 7,) be an oblique angled plane tri- 
angle, whose sides are a, 5, c, respectively opposite the an- 
gles of the same name. From the point d let fall the per- 
pendicular dD = d upon the opposite side BC = a, or upon 
that side produced, if the angle B, or C, be obtuse, (as in fig. 
L 
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7 9) the triangle ABC will furnish two right angled triangles^ 
ABB, and ACB, having the side, AD = d, conunon. 

8oluiion. Bj the formula No. 1, of the series A, or first 
definition^ we have in the two triangles, and in both cases^ 
(since the; sine of an angle is equal to the sine of its supple- 
ment.) 

d d 

— •= SIB C ; QXkd — = sin £ 

b c 

Therefore : 

d = 6 . sin C = c . sin £ 

Or, expressed in a proportion : 

Y 

b : c = nnB : sin C 



li 



[ 



And this b^ing general for any side, we have also : 

^ : « = sin ^ : 8U» i^ 
a : c = sin j9 : sin C 

This is generally expressed thus : 

In any plane triangle, the sides are to each other as the 
sines of their opposite anglesAi gives therefore the tsolutbn of 
an the cases, where two of the parts given aire oppoi^te to 
eadi other, and the part to be found opposite to its corres- 
ponding given part. 

Cor(Mary. If from flie three angular points of a triangle, 
perpendiculars be let fall upon tiie opposite sides, these pct- 
pendiculars are to eaich other in tlte inverse ratia of the Mes 
on which they fall. 

In the triangle ABC, (fig. 8,) let 4, i', be tiie pei<p^idi<m- 
lars falling upon the sides a, and i, respective^ ; we have 
by A, No. 1, as before, 

d d 

sinC = — = — ; or <i:d'=A:a 
ha 

§ 55. Frdbl&m 2. In an oblique angled plane triangle, given 



tii« two tides and the inclnded sngle^ to fymt th6 two remaa- 
ing angles. 

The sum of the three angles of a plane triangle is always 
equal to two right angles ; (elementary geometry ;) in this case 
then we have given not only the two sides^ and the angle in- 
clijt^edy. but abe ilie sum of tiie two angles sought ; all then 
that is necessary to deiteirmiiie each angle separately^ is to 
fiad their difference ; tor the largest is equal to haJ^ the sum 
increased by half the diftraice, and ike least to half the sum 
dinaairiied by' hftlf the difference. 

In liMD flame triangle that has been used in the first prebkm^ 
having given Ji, b, and c, we have^ as has been demonstrated, 

h : e = sin ^ : sin C 

And by composition of this proportion, 

6 -|- c : & -^ c = sin ^ 4- Bin C : sin jB » sin C 
Substituting from series N, No. 3, 

. h + c : * - c «= tffli i (B + C) : Un i(fi --, C) 

whence : 

6 - c 

tan i (B - C) = tan i {B + C) 

k+ c 

And since the three angles, A + B + C s 180°, 
OP iA -^ i{B + C} rx^ 90^ 

wehare : 90<> - i jJ = i (B + C) 

and tan J (B + C) = tan (90° - h A) = cot 4 Ji 

The formula beccmies : 

•:'■■■■' tan i(B- C) « cotJjJ g 

b + c 

d J— C 

Andc3JUiog r^ = •—■ ; we have the two angles^ avoid- 

2 2 
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ing all unnecessary subtraction^ (and JB. being considered 
the greater angle.) 

B = 90° _ J j3 + J cJ 
C = 90°-l^-jd 

« 

This formula requires in its use^ an addition and a subtrac- 
tion. It may, when desired, be adapted to the calculaticm 
of quantities given in logarithms, a case that occurs in astro* 
nomy, by the following transformations. 

For this purpose, we divide the numerator and denominator 
of the fractional part of the formula by b; and we have : 



tan J (B - C) = cot J j3 



c 
h 
c 

1+- 

b 



Comparing this form of the fractional part with the for- 
mula S5 No. Id, using the lower signs^ it will be found : that^ 

c 

3 if we call — = tangent », we have : 

o 



tan (460 _ ^r) 



1 ~ tan 2r 



1 + tan 2r 



Taking, then, for the calculation of the data given in loga- 

c 
rithms, tangent % = — , we obtain for the solution of this 

b 

case the formula : 

4 tan } (B — C) = cot i JJ tan (46** - z) 

This is an instance of the application of the preceding 
analytic formulse for trigonometric functions^ to the trans- 
formation of an expression containing addition and subtrac- 
tion into one that can be calculated by logaritbms alone ; and 
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we shall always have — - /. 1^ according to the original siip- 

b 

m 

position of J7 A C. 

$ 56. Problem S. Given two sides and the included angle^ 
to find the third side. 

Given^ a, e, and B, to find b; in the same triangle^ l^t d 
denote the perpendicular upon a^ as in the first prohlon. 

By the elementary formulae of series A^ we have : 



V 
t 





BD 

c 


cos 


Bl 


thence 


BD 


=: 


C.COfl 


B 


and 


c 


flin 


B; 




d 


= 


c. flin 


B 


and 


CD = 


a - 


- BD 


s= a — 


c. cos 


B 






Sy Geometry : 

















&a = (2a 4- CD« =s ca. 8m« B + {a -- c. cos By 
= c* sin" B +a^ + c^ co8» B - ia.c. cos B 
= c« (sin« B + CQS'B) + a« — 2a.c cosB 

And because nnt^ + cosine' = 1 : 

^ = c" + a* — 2a.c. cos B 

This formula^ which would be very inconvenient to calcu- 
latOy may be reduced to an easy form for logarithmic calcula- 
tion^ in two diflferent ways. These wiU be obvious^ when 
we consider that the formulie Q^ No. 4 and S^ give two difier- 
j^ ent values for cosine B, the one in the sine^ the other in the 
cosine^ of the half angle. 
Taking, then, in the first place : 

cos B =1-2 sin* i B 

And sttbstiitating this value in the equation for cosine J?, we 
have: 
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h2 =r c3 + «> - 2ac + 4x.a.8in* i B 
= (o GC 0' + 4.a.c.8in* i B 

And using {azn c) as a factor common to botb the rigbihind 



terms: 






Extrai^iig the root : 



V (a C/5 cy / 



It may be seen : that, by the metl^od used in the preceding 
Problem, this formula may be adapted to the use of loga- 
rithms, employing the consideration : tiiaty according to C, 
No. 8, we have : 

1 

sec^ = 1 + tan« = 



coa^ 



If, then^ wemake 



tan^ X = 



4.(i.c<8in' I B 



2mniB 



or 



tan X s= 



the final formula will, become : 



V(«-0 



8 



6 := 



cos X 



e€6onA Trantformatim* Taking ; 

cosB = 2cW iB ^ 1 
and substituting this value in No. 5, the formula becomes : 
52 = a» + c« + 2ac - 4.a.c.cb«« 4 B 

And by processes exftiitly similar to thiMie U9ed fbr the for- 
mula 6, it will finally become : 



10 
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■ , . N /, ^'CM. COS i B\i 

Here we have, by the same means as in the foregoing trans- 
formation, representing the second term under the radical as 
the square of a sine or cosine, according to C, No. 4 or 5, 
and by an analogous process : 

4.c.a. cos' Ifi 
cos* X = ' 

{a + c)« 

or 

2 cos i B 

cos^ ss " - ■■' (a.«)l 

a -^ c 

And finally : 

6 = ^c 4* «^) sm X 11 

If the distances, a and c, were given in logarithms, (as 
mi^ OQCur in aatrononay ,) it will be observedt that ia n^^ljin^ 
to the part (a ± c), in the two formulae 8 and 1 1, the same mode 
of transformation for the a^lication n^ an auxiliary angle, hj 

writing {u± e) =^ a ( 1 =t ^-\ in both the places where it 

occurs, tibese formulae will be transformed, and fitted for that 
use, upon the same principles, every thing else remaining as 
above. 

$ 57. Problem 4. Given, the three sides of a plane trian- 
gle, to determine one of the angles, (suppose the angle B.) 

Solution. The formula No. 5 gives this solution by simple 
transposition,' for, from 

^a 2=; Dca + ^a -- 2flC COS B 

it follows, that 

cos B "5^ l ii II I ■!< ■ m i j. u ■ III II -tQ 

2ac 

This formula would also be inconvenient to calculate ^ it has 
the same two modes of transformation as the preceding, by 



te^ .jM^^ai^ 
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the insertion of the sine or cosine of the half angle; and « 
third is obtained by the division of these two. 

First Traf^formaiion. From the preparation f(«r fompda 
6^ is first obtained by transposition and division : 

6« - (o CO 0* 



sin^ i B = 



4.a.c 



The two terms of the numerator being the diflTerence of 
two squares^ the product of the sum and difference of their 
roots can be substituted for them ; then^ dividing the numerical 
coefficient of the denominator into two factors, and applying 
them to the two factors of the numerator, we obtain ; 



IS 



sinaiB 



= c 



a + 6 — c\/6 + c — a 



2 



)( 



) 



a.c 



a + i + c 
If we assume p s , the expression becomes ^ill 

simjder, for this assumption gives : 

a -^b -^ e i + c — a 

'4 p -- c =^ __ ; and p — a s= ___ 

2 2 

Inserting this in the formula, it becomes : 

(P - «) (P - ^) 



sina J B = 



a,c 



15 



And extracting the root : 

■^ ' ^ = f - 'l!f - '' )' 

Second Transformation. From the preparation for formula 
9, we obtain, by transposition and division : 



€083 i B = 



4tCi.c 
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And by steps exactly analogous to the foregoing, and the 

a + h + c. 
supposition that p = — • , as above, we obtain here : 

(a + c +b\ / g -f c >- ^\ 
2 "/ V 2 / 



■^ ■ ■ ■» 



ac 



PiP-b) 



ac 



_ (p(p-i)\i 



-." = (^^) 



16 



When these formulae are employed, we must choose tiiat 
which gives the greatest degree of exactness in the given 
case. The principle which will determine this choice, is as 
follows : when the angle is small, the sine varies rapidly, 
while the cosine varies but little. In this case we should use 
the formula that employs sine i B; if the angle that is sought 
is obtuse, we must use the formula that gives the . value qt 
cosine i. B, because it is the cosine that varies most in this 
case. 

It will be observed, that, in general, the formule that de- 
termine the half angles have the advantage of avoiding all 
ambiguity between obtuse or acute angles ; because they can 
never be obtuse, as in that case B ^ 180'', which is impossible. 

We may deduce from these two formulae a third, giving 
the tangent i B, that is applicable with equal advantage to 
all cases. For it is evident, that : 



cos^ B 






This requires two more preliminary steps to prepare the 
data for calculation ; but they are short. 

§ 58. Prcblem 5. Given, two sides, and an angle oppo- 
site to one of the sides ; to find the third side. 

M 



^u^ 
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C, c, and b, being given, to ftttil H. 

We find already, from indpebtion of Fig. 6 and 7, that the 
iresult may, in this case, be doubtful ; as with th^s^ dalk, Vki 
angle at B may be either acute or obtuse, with e of equal 
magnitude, since this line is idways greater than the perpen- 
dicular d, and, being drawn from the same point J, may cut 
CB on either side of this perpendicular; which will give 
two values of CB9 that are equally possible, and both given 
by the formula. Circumstances, other than those of the mere 
magnitude of the parts given, will determine which of the two 
results is the true bne. 

SolvMon. In the formula T, No. 4, Prcblem S, we might 
suppose h given, and a to be determined, the other data 
remaining the same, and obtain this solution; this would lead 
to an equation of the second order. By the following pro- 
cess we reach the same result more easily. 

By T, No. 1, problem 1, we have: 

c :i «as sin C : rin B 
h BinC 



whence tin 6 2== 



c 

From series A, No. 2, we have, by application of tins case : 

CD ^ h coft C 
and BD = e cos B 

And according as JB is acute or obtuse, we find : 

BC = CD ± BD = a 

Eiq^ressing this in terms of the above two values, we have : 

is a =s 6 cos C db c cos B 

AbA substituting for cosine B its value deduced from the fijrst 
enunciation above, expressing it, in conformity with series 
C$ No. 5, the final result is : 

/ fr» 1lin» C\i 
19 a = i cos C ± c I 1 — ——5 1 



A fofiniila troublesomie to calculate, though it may be reduced 
tQ logairtthiiiic caleulatiw^ by the U3e of two auxiliary arcs ; 
fiir we m9v tofce : 

b sin C 
SID X == sin J? = 

c 

and thereby obtain : 

a = 6 cos C ir c cos B 

c cos jB' 



^ /- <^ cos jB\ 

= ftcOsCfl ± r ^\ 

\ b COS C/ 



where we are eyidently again to assume, according to the 
case: 



tan i /cco9B\t 

or .i„i» = \r^^) 2<» 

find ^ould ultimately obtain : 

b cos C 



SI 



cpiB* y 
or a = fr cosCcos' y 



3ut SMcb a calculation would i&vidently be tedious, ^d it 
ju» far preferable to calculate sine fi by problem h 9XkA then 
jg, |by the two jiarts pf the formiila No. 1^9 9hoye, unle^ it 
kSW^^ that Qnly the logarithms of b and c he giyej^ f when 
jtbis iputation will be jtvecessjiry ai^d applicable. 

$ ^9. We have thus obtfuned the aoluHonsof eyery pof^ib^ 
.ce^ of Oblique Angled Fla^e Trigononietry, for data directly 
^yejQ, by ,nief^ o£ formulie affording the greatest fyf^^ijtii^ 
Jpr.ci^ci^fktion. It will be readily qonceiyed.: that:wh^t ji^ 
jl^A^t an apgle fi, qir.of any side b^ /^c. i^ al;Wiyrs to i^ 
jfPfli^r^tDq^, «i» * genial ^im, of eveiy i^ther a-wgle .qr sidie- 
Jtiu^ prpfier ^ere, M^ ^ direct the a1[tentifl(n tP one gwe- 
^ character of fAl ^i^e :foroiul», n^ely : thaft they al^fiys 
present the linear dimensions in an eren number of fac-* 
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teps^ and the trigonometric functions in an odd number of 
&ctors, when the part to be determined is a trigonometric 
fiinction ; and, conversely, the trigonometric functions in an 
•Yen number of factors, and the linear dimensions in an odd 
number of factors, when a linear dimension is to be deter- 
mined. This is the general and well known character of all 
proportions ; from which, also, analytical formulae cannot 
deviate, whatever be the complication of the data contained 
in them. The trigonometric functions being mere ratios, 
(that is, generally speaking, numbers,) as has been observed 
in section 11, they here^ form as such, objects of a determined 
nature. 



CHAPTER II. 

Caknlatian of the Surfaces of Plane Triangles from different 

Data. 

$ 60. We think proper to add to the solutions of Trigo- 
nometry that give the unknown parts of triangles from those 
which are known, the solution of the problem : to find the 
surface of the triangle in every case of the before-mentioned 
data. This is evidently possible^ for if we have the data 
necessary to determine the unknown parts of a triangle, the 
same data must also give its contents or surface. We shall 
take the cascis in the same order as in the preceding solutions. 
It must, in the first place, be recollected, that the surface of 
the triangle is half the product of one of the sides, assumed 
as a base, into the perpendicular let fall upon it from the op- 
posite angular point, as is taught in the elements of Geome- 
try. It is, therefore, the principal object of these problems, 
to express the value of this perpendicular in terms of the parts 
given. Its product into the given base, divided by two, 
will, tlien, always give the surface, or contents of the 
triangle. 
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$ 61, Problem 1. Given, two angles and the included side; 
to find the Surface of the triangle. 

In the triangle ^BC, as before, let BC and a be given, to 
find the surface. 

We have by T, No. 1: 

a sin jB a sin B 



sin A sin {B + C) 

For the sine of an angle is equal to the sine of its supplement, 
not only in magnitude, but also in sign; and because the 
sum of all the three angles of a plane triangle is equal to two 
right angles, the sine of any one of the angles is equal to the 
sine of the sum of the two others. 

Calling d the perpendicular let fall upon the side a, we 
have, as the value of this perpendicular : 

a sin B sin C 
d = 6 sin C = — — . 

sin {B + C) 

Multiplying this by half the base on which the perpendicu- 

a 
lar d falls, that is, — , and calling the surface of the 

triangle = 89 we have : 

a« siD B sin C ^ 

S = 1 

2 sin (B + C) 

« 

And supposing the value of sine {B + C) tohe expressed in 
conformity to F, No. 1, and dividing both numerator and de- 
nominator by sine B sine C, we have also : 

S = Q, 

2 (cot B + cot C) 

But the formula No. 1, is more convenient for logarithmic 
calculation. 
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§ 6S. Prohkan 2. Given, two aides and the indnded angle; 
to find the Surface of the triangle. 

Given, a, bf and C. 

We have by tiie elementary definitions of series A, Ae 
value of the perpendicular : 

d = & . 810 C 



Multiplying this perpendicular by — , we have for the 
surface : 



ab aio C 



S = 



i 



$ 63. Problem 3. G^veiiif the three sides; to find the Si^r- 
face of the triangle. 

By the theorem of geometry, so often employed : that the 
square of the hypothenuse is equal to the sum of the squares 
of the two sides, and expressing the parts by trigonometry, 
as in section 56, we find : 



BD = c . cos B 



We have theiice : 



d« = c* - c' cop* B 



Then, expressing the value of e^ cosine^ B by the formula of 
section 57, and observing : that c^, being found both in the 
numerator and denominator, compensates itself; we have : 



d' 



....( 



c« + a* - 6« 
2a 



) 



And thence : 



d' » 



4 a? c«-. (4J« +a« - b»y 



4 a» 



The two terms of the numerator, being the difibrence of the 
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two squares^ nmy b^ eipressed by the product of the sum and 
diffbi^ce dT tif eif rck>ts ; whence: 



<!• = 



(2 ea + c« + a« - b») (2 ca -^ e' -- a^ + &») 



4a> 



((c+»)" - ^O (6* -(CO) ci)a) 



4a> 



^plying tiie same prhiciple agabi Id the two facton of the 
numerator^ we obtain : ^ 



(2< = 



(c + a + 6) (c + a - 6) (c + 6 - «) (6 + a - c) 



4a« 



Then ettracting the root : 



1 /(c + o + 6) (c + a — 6) (c + 6 - a) (6 + o -c)\4 



=7( 



) 



This value of the perpendicular, being multiplied by half the 

a 
hase^ — y gives the Surface : 

8 



5 = — 

2 



-( 



(e + a + 6) (c + a — 6) (c + 6 - a) C6 + a - c)\i 



•*«^s 



!:Y 



Bringing the i under the radical, by squaring it, and distri- 
buting the fourth power of 2, which is produced by ^is 
insertion, among the four factors of the numerator, l&e ^hal 
formula becomes : 



S 



f 






MiiMi 



^iii* 



J96 



PABT II. 



a '\' b + e 



-5 as in section 



Which^ by the introduction of p = 

57 f becomes: 

S = (/»(p-.a)(p-.6)(p-c))4 

$ 64. Problem 4. Given» two sides^ and the angle oppo- 
site to one of them ; to find the Surface. 

Given^ b, e, and C; to find 8^ 

In figure 8, we have the perpendicular BD' = a sine C ;= 4'i 
and^ according to general principles. 



S = 



hd 



s 



ha sin C 



Substituting for a the value given by section 58, formula 
19, we obtain : 



h^ co6 C sin C c . 6 . sin C 

S « ± 



(6* sina C\ , 



This formula evidentiy labours under the same disadvan- 
tages for calculation as T, No. 19 ^ therefore the remarks 
made there, equally apply here ; that is, determining first B 
by T, No. 1, and then 8 by Z, No. 1, will be preferable to 
this formula, even with the reductions that might be made in it. 
: $ ^5. The four preceding solutions resolve the problem for 
every possible case of data^ they complete the full series of 
solutions that may be required for a triangle with simple 
data. 

It may be conceived, that it is possible, that, instead of the 
quantities themselves, it may happen that the sum and differ- 
ence of some of them may be given, or some otiier relation 
between the parts. But it does not belong to an elementary 
system of Trigonometry to enter into these details. The 
principles here laid down show what parts must be deter- 
minable from the data, in order that a solution may be 



obtained; they also show, converseljr, what data will serve 
to determine a triangle in complicated cases. 

What remains to be said upon this subject^ thereforet 
belongs properly to a further extension of the application of 
Trigonometry to the solutions of the problems that relate to 
triangles; and, consequently to all rectilineal figures, since 
Geometry teaches the means of decomposing them all into 
triangles. 

it may, perhaps, be proper in this place to call the attentioa 
of the reader to the general character of the formulae of series 
Z, analogous to what is said in section 59; namely : that they 
all present two lineal dimensions, with certain trigonometric 
fanctions as factors, which represent, as stated in section 
1 1, mere numbers ; that is, relations of quantities. This evi- 
dently characterizes them as giving in result a quantity of 
two dimensions, that is, a surface. It will easily be ob- 
served, that formula 4, having four lineal dimensions undcyr, 
the radical, presents also in its final result only two dimefi-^ 
sions, by the extraction of the root. 
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SPHERICAL TBIGOm)METRY. 



CHAPTER I. 

Fntroduetton^ — LemmatOf and Definitions of Spherical THgo- 

nometry^ 

• » 

§ 66. We know from the elements of Gtoometrj' : that the 
circle is generated by the revolution of a finite straight line 
around one of its extremities; and that the sphere is gene- 
rated by the revolution of the circle around one of its 
diameters. 

Then, because all the radii of tlie circle are equals all the 
radii of the sphere are equal also, and all the circles tliat 
pass through the centre of the sphere, may be considered as 
generating circles; they are also the largest circles that can 
be described in a sphere, for which reason, they are called 
Qreat Circles. 

$ 67. AH the other circles of the sphere, that do not pass 
through its centre, are Less drdes, and are so palled ^ they 
are also called FaraUelSf because tliey are necessarUy parallel 
to some one great circle of the sphere; the consideration 
of their properties forms no part of elementary Spherical 
Trigonometry. It is only great circles, then, that are ob- 
jects of Spherical Trigonometry. 

$68. PropositUm. Three straight lines that meet in one 
point, and do not lie in the same plane, determine a spherical 
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triaiigle; the angle formed by any two of tbese lines, at 
the point of intersection, is the measure of the corresponding 
Aie of the spherical triangle; and the inclination of any two 
of the planes, that pass through each pair of the lines, is the 
measure of the corresponding angle of the spherical triangle; 
and the intersections of these planes with th^ surface of the 
sphere, describe upon it three arcs of gi:t;at circles, forming 
a spherical triangle. 

Denumstration. In figure 9, JiB, AB\ JB" being three 
straight lines, in different planes, and Jt their common point 
bf intersection ; if the centre of a sphere be pl;aced at Ji, the 
lines •tfJB, JiB'^ AB", or their prolongations, will determine 
^three points on the surface of the sphere, as C, C, C, for we 
lave AC = AC = AC" ; and tlie arcs CC, C'C", CC'j are 
parts of the circumferences of the great circles passing through 
the planes CAC, C'JtC", and-C^C'^, respectively, and deter- 
mined by the lines JiC, AC ; AC, AC" ; and AC, AC" ; a sphe- 
rical triangle, CC'C", will therefoi*e be determined upon the 
l^urface of the sphere, by the intersection of this surface with 
the sides of the triangular pyramid whose summit is at the 
isentre of Hke sphere. The inclination of the planes that pass 
through each pair of these lines, just mentioned, are (Euclid, 
Book xi. Def. 6) measured by the angles made by the per- 
l^ndiculars erected in eaCh plane from some point in their 
common intersection. The arcs CC, CX", CC", as well as 
their respective tangents, are perpendicular to this common 
intersection^ ^each in its plane respectively; therefore the 
jiitclinations of these planes are the measure of the correspond- 
ing angles of the spherical triangle. 

We therefore have, in any spherical triangle, CC'C 9 the 
i})lhywing Results, viz : 

arc €€ ts> Single BAB 
arcCe' s ungXeffAB^ 
siTCeC" = angle ^^^ 
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^ spheric angle CCCT ^ angle of inclination of BAB, and BAB' j 

eC'C = " " FjilF*, '' BAB, 

From what has been stated, we leam : 

1$U That all the parts of a spherical triangle, whether 

angles or sides, may be expressed by the trigonometric func- 

^ tions, that have constituted the object of the investigations of 

the First Fart of this treatise ^ for they are all angles, or 

arcs, the measures of angles. 

2(I. That the principles of Solid Geometry, that are appli- 
cable to the sphere and triangular pyramid, are also the 
first principles of Spherical Trigonometry. 

$ 69. Fursuing the application of Solid Geometry, we ob- 
tain a series of lemmata, to be used as fundamental principles 
of Spherical Trigonometry. 

Lemma I. Two great circles of a sphere cannot cut 
one another, except in one of their diameters ; because their 
line of intersection must pass through the centre of the 
sphere, which is a point common to them all. The arcs 
described upon the surface of the sphere, between these inter- 
sections, will therefore be equal to two right angles, or 180**. 

Ltmmu 2. If a line be drawn through the centre of the 
sphere perpendicular to any two of the lines, as AB" and 
^B', this line will be a perpendicular {or normal) to the plane 
passing through these lines ^ and consequently to the great 
circle of which C'C" is a portion^ and all the arcs on the 
sorfieu^e of the sphere, intercepted between this perpendicular 
and the great circle passing through C'C", will be = OO"*; 
^ or represented by a right angle at tlie centre of the sphere 

A. (Euclid, B. xi. Frop. 18.) 

As this is the case on both sides of tbe great circle passing 
through C'C", two points are thus determined by it on the 
surface of the sphere, that are called the poles, F, p, figttrt 
10, of the great circle passing through C'C"* 

We have thence : 

r 
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pa a= PC" zs: PD =: pC =^ pCT =^ pD =:^ \. R = 90* 

And the same is tru^ of any arc whatever, drawn from P, or 
p^ to the great circle, DCC". 

Lemma 3. Every plane that passes through the line Fdp, 
is pei-pendicular to this circle; and hence, every great circle 
of the sphere passing through the poles, Pp, is perpendicular 
to the circle, DC'C", since these circles are intersections of 
the planes passing through Pp, and the surface of the sphere ; 
and, conversely, every great circle perpendicular to the cir- 
cle through DC'C", passes through the poles, P, p. (Euclid, 
B. xi. Prop. 18.) 

Lemmu 4. The plane that passes through the tangents, 

of two great circles, that cut each other in the point P, or p, 

Jigure 10, is parallel to the great circle of which these points 

are the poles; for the diameter P^P, is perpendicular to 

both these planes. (Euclid, B. xi. Prop. 14.) 

Lemma 5* The angles which two arcs, such as PC and 
PC", Jigure 10, make at the pole of a great circle, is equal 
to the arc, C'C", of the great circle intercepted by these 
arcs ; for it is the measure of the angle of inclination of their 
planes ; and the angles at the two poles ai% equal ; since they 
are measured by the same arc, the same circumstances taking 
place at both poles. (Euclid, B. xi. Prop. 10.) 

Lemma 6. The angle subtended by the poles of two great cir- 
cles is equal to the angle oC inclination of the planes of the two 
circles of which they are the poles ; for these two circles are 
perpendicular to their axes that pass through the poles. Or, 
in Jigure 11, the arc Pp is equal to the arc BC, which mea- 
sures the inclination of these planes, and lies in the same 
plane with Pp^ because ^P, •9p, ^B, AC, are all perpendi- 
cular to the common intersection, Dd, of the two circles, 
(Euclid, B. xi. Prop. 5) and PdB, and pAC, are both right 
angles, having the part pAB common ; therefore, their com- 
plements are equal, or Pp = BC» 

Lemmu 7. If an arc of a great circle fall upon another 
arc of a great circle, the sum of the two angles, which it 
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makes with this arc, on the two sides^ are equal to two rif^t 
angles; for they are measured by the angles of the tangents • 
to these arcs. And the sum <rf all the angles made hy any ^ 
number of arcs of great circles^ cutting one another at the 
same pointy is always equal to four right angles ; and also, 
the vertical angles made by two arcs, intersecting each other, 
are always equal ; for they are all measured by the tangents to 
these arcs, and these tangents lie in one plane, being all per*- 
pendicular to the radius of the sphere ; and thus the Proposi- 
tions, Euclid, B. i. Prop. IS and 15, become applicable. 

Lemma 8. The perpendicular arc. Fed, Jigure 10, drawn 
through one of the angular points of the sphericid triangle 
to the opposite side, is a part of a great circle, passing 
through this angular point, and the poles of the great circle, 
of which the opposite side is a portion; for no other ]^ne, 
than one passing through its poles, can be perpendicular to a 
great circle. 

Lemma 9. Two great circles that cut each other, enclose 
between them a portion of flie spherical surCnce^ that has the 
same ratio to the surface of the sphere, that the angle of their 
inclination has to four right angles ; for the surface of this 
section is measured by (or pn^rtional to) the angle of the 
inclination of the planes of these great circles ; and the whole 
circumference is measured by four right angles; that is to 
say : as we have the circumference of the great circle s= 2 r «', 
the whole surface of the sphere is represented, according to 
theism considerations, by 

And any section of the surface, measured by the angle a, is 

s = 2 . r*.* , o 
whence S : « = 4 l 22 : o. 

^ 70. All the propositions of elementary geometry, that 
determine the data that are necessary to infer the equality 
>and proportionality between the parts pr surfaces of plane 



■«f iti I ■» ~* -f I ^ 



104 ' PABTJt lll\ 

trimnglcBy are true of spherical triangles; exc^tf that the 
exterior angle of a spherical triangle is not equal to the sum 
of the two interior and o^MMSiite angles, because the three angles 
of the spherical triangle do not lie in the same plane ; for tMs 
reason, the knowledge of two angles of a spherical triangte does 
not imply the determination of the magnitude of the third, as 
in plane trigonometry ; whQe, on the other hand, if any three 
parts of a spherical triangle be given, the remaining three 
may he determined, even although no one of the parts given 
be a side* This last follows from the circumstance, that all 
the quantities concerned in a spherical triangle are of the same 
nature. All these are evident consequences of the preceding 
sections, which show that the spheric triangle is the intersec- 
tion of the triangular pyramid with the surface of the sphere ; 
all that would apply to the plane triangular base of the 
pyramid must therefore also be true for the spheric base, with 
the exception that has been stated, which is evidently a conse- 
quence of what has been already said. 

§ 7U Theorem. The sum of all the sides of a spherical 
triangle is always less tiian four right angles ; and any one 
side is always less than the sum of the other two sides* 

BemonstraUim. The three planes that intersect each other 
in the lines ACf AC, AC", figure 9, form at the point 
Aj or the centre of the sphere, a solid angle ; the sum cS all 
the plane angles forming a solid angle around a point , is 
always less than four right angles. (Euclid, B. xi. Pi*op. 
£1.) As the three sides of the triangle formed upon the 
surface of the sphere, by the intersection of these planes, are 
the measures of the angles at the centre, (section 68,) their 
sum is also less than four right angles. For the same reason 
it follows (from Euclid, B. xi. Prop. 30) that the sum of any 
two of the sides is greater than the third side. 

$ 72. Theorem. The sum of the three angles of a spherical 
triangle is always less than six, and more than four right 
angles. 

Demonstration* The sum of the angles forming the three 
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solid angles, at the three angular points of the spherical tri- 
angle enclosed hy the planes passing through its sides and the 
plane through the tangents at the sphere, (or the spherical 
surface, as these angles are the same,) is less than three times 
four right angles, (or twelve right angles,) for each of them 
is less than four right angles. (£uc. B. xi. Pr. SI.) But the 
angles formed by the tangents and the intersections of the 
planes, are right angles, and their sum is three times two, or 
six, right angles. The sum of the remaining three angles, 
formed by the tangents, which are the same with the spherical 
angles, is therefore less than six right angles. 

Or, more briefly and algebraically : 

Calling 8 = sum of the angles forming the 3 solid angles; 
" 8' = sum of the angles of the triangle, or of the 
tangents; we have : 

S = S' +6L.R 
S Z 12. L.R 
therefore S' + 6 l/J Z 12 Lil 

Subtracting 6L.R from both sides : 

S' Z ^L.R 

qiEiD 

If the three angles were equal together to two right angles, 
the three sides would be in the same plane ; the lines of 
intersection of the planes perpendicular to the tangents would 
be parallel to each other, and would no longer meet in the 
centre of the sphere, which is contrary to the supposition ; 
therefore, the sum of the spherical angles must be more than 
four right angles. 

§ 73. Theorem. If, from the three angular points of a 
triangle, arcs be drawn on the surface of the sphere, whose 
distances firom the angular points ai*e each = 90% the inter- 
sections of these arcs will form a new triangle, that is called 
supplementary ; that is to say : the sides of this new triangle 
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will be the supplements of those angles of the original triangle^ 
tiiat are opposite to them ; and the angles of the new triangle 
will be the supplements of the sides of the original triangle^ 
which are opposite to them. Moreover^ the angular points 
of the original triangle will be the poles of the sides of the 
new triangle ; and the angular points of this, will be the poles 
of the sides of tiie original triangle. They ^ therrfoi^^ are also 
called polar triangles, in respect to each other. 

Cmistruction^ In figure IS, let ABC be tiie spherical tri- 
angle £rom whose angular points the arcs BE^ EF, FB, are 
drawn, at the dirtance of 90"* ^ the points A, B, G, will be 
respectively, the poles of the arcs that cut each oilier in the 
points B, Bf F; and form the supplementary triangle BEF. 

Produce the sides of the original* Mangle, ABC, until 
they intersect the arcs BE, FE, FB, in the points Gf, H, 
Lf M, J, K* 

Bemonstration. Because the point E is 90° distant from 
each of the two points A, and B, tliis point E, is the pole of 
the circle LABQ, that passes tlirough the points w9 and B; 
for the same reason, the point F is the pole of the arc 
KBCMi and the point B, the pole of the arc JJlCH; whence 
we have : 

DH + EG ^ DE+ GH = 2 l /J = 180° 

But, because GH is an arc of a circle distant 90** from the 
point A, it is the measure of the spherical angle at Jt, formed 
by flie two arcs AG, AH; and BE is the side of the suj^le- 
mentary triangle fliat is opposite to the angle BAG; for 
which reasons we have : 

DE = 180° -- GH ^ 180° - A. 

In like manner we obtain : 

EF = 180O ^ LM ^ 180° - B. 
and DF = 180o - /JST = 180° - C. 

Moreover, since the arc EL = EG = 90*5 and E is the 
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}K>Ie of the arc GBAL9 or AB, produced until it intersects 
tkeotlier arcs EF^ and ED; the arc GL is the measure of 
the angle at E, of the supplementary triangle^ whence we 
have : 

LB + AG = LG + .fin = ? L /? = 180°. 
therefore LG = 180*=* - AB. 

ABj then, is the supplement of LG; or of the angle JB, wliich 
it measures, or is equal to. For the same reason, we have 
for all the angles of the supplementary triangle, expressed 
by the sides of the original triangle : 

LG ^ E — I8O0 - AB, 
UG — D — I8O0 - AC, 
KM ^ F ^ 180° - BC. 

Therefore, generally, the sides and angles of the supple* 
mentary triangle are the supplements of the angles and sides 
of the original triangle. 

$ 74. Theorem. The surface of a spherical triangle is 
proportional to the spherical excess of its three angles above 
two right angles. 

Construction. Let abCf fipire 13, be a spherical triangle. 
Produce ac^ until the entire circumference of flie great circle 
aced^ be completed. Produce also a6, and frc« until they cut 
this great circle, in the points d, and e, and also to their 
common intersection, in /• on the opposite side of the great 
circle cade^ which point fi will be the opposite pole to the 
point h. {Lemma 1 •) 

Demo^istration. By construction, of =? ftc, as they are 
each of them a supplement of the lurc ah ; for 

afte == 2 L ^ = haf; 

for the same reason, the arc cf = hd; and the angles at /, 
and 6, are equal ; for they are at the opposite jK>les, and be- 
tween the same arcs ; wherefore the triangles B(te, and /ac, 
are equal. 
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The hemisphere whose base is the great circle cade, is, by 
lemmas, equal or proportional to (calling H = hemisphere) 

The section of the sphere between the two semicircles bqf, 
befy is equal, or proportional to : 

abc 4" ^f = «^c + deb = 2 r* < 6 

because the angle b is the measure of the inclination of tlie 
planes of these two circles. 
For the same reason we have : 

The spheric Bection ; dbcad = abc + abd = 2nt r' ,c 
" " ebace = abc + cbe = 2 * r« . a 

Subtracting from the sum of all these, twice the value of the 
triangle abe, which is contained in each of them, and of course 
three times in their sum, the whole hemisphere is represented 
thus: 

H = daced = 2. r* *i^R 

= 2 .r^ * b + 2 . r^ ^ c + 2 r^ IT a -^ Z abc 

whence 

2.r»*2.Lfl = 2.ra * (6 + c + d) - Z .abc 

or r' * .2L.R ss r^ nr (b + c + a) — abc 

And transposing : 

abc as *r» (a+ 6 + c) — 2 -rr^L/J 
= 4rra (a + 6 + c - 2l/2) 

The surface of the spherical triangle is equal to the product 
of the square of the radius of the sphere into the excess of 
the three spherical angles above two right angles; and as we 
always assume the radius =3 1, (until applied to a determin- 
ate sphere,) we have : 

^ihc == a + b + c -^ 2ljR 
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CHAPTER H. 

Investigation of the Fundamental Formulae of Spherical Tri- 
gonometry; and Solutions of Right Angled Spherical Tri- 
angles. 

$ 75. Qeneral Problem,. To determine the relations be- 
tween the sides and angles of a right angled spherical 
triangle. 

Let DAf BBf BCf figure 14, be three lines, that are not in the 
same plane, and which, by their intersection at the point 
JDf determine the spherical triangle JiBC; and let the plane 
BBJt^ be perpendicular to the plane ADC; these, by the 
preceding chapter, are the elements of a spherical triangle, 
ABCf right angled at A. 

Construction. In the line DB, take any point, B, and from 
it draw EQf perpendicular to BC; and from G, where EG 
intersects the BC^ draw, in the plane ABC, GF, perpen- 
dicular to BC; join EF; the angle EGF will be the angle 
of inclination of the planes BBC, and JtBC, and therefore 
equal to the spherical angle BCJl. 

Solution. By construction, CB is perpendicular to the 
plane passing through EGF; for a like reaspn, the plane of 
BGF, that passes through this perpendicular, is perpendicular 
to the plane EGF; and by supposition, the plane BDA, is per- 
pendicular to the plane CBA; therefore the two planes BBA, 
and EGF, are perpendicular upon CBJi, and their com- 
mon intersection, EF, is also perpendicular to CBA; and the 
angles EFB, and EFG, are right angles; and the four 
triangles, BGE, BGF, BFE, and &FE, are all right angled, 
at the points G, and F. (£uc. B. xi. Prop. 4, 18, 19.) 

Each pair of these triangles has. one side common, and one 
angle (a right angle) equal in each ; wherefore, if two sides, 
in any one of the triangles, be given^ two sides in an other, may 
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be deteinnined ; and also : the determination of two of the 
triangles will afford the means of determining a third. 

Determining, then, upon the principles of section 7, the 
various relations of the parts of these triangles ; keeping it 
constantly in mind : tliat the ratios of the sides of a right 
angled triangle, and not their absolute values, determine 
the trigonometric functions ; if we adopt, for the sake of bre- 
viiy, the following notation : 

EF = c ', EG — a' ; GF — b' ; 
DE ^ g; DF ^ e; DG = f ; 
Aud for the arcs ; BC = a ; ^B = c ; AC = 6 ; 

we have as follows : 

1. Determining the triangle EGF, by means of the trian- 
gles DEF9 and BEG: 

EF e 

= — = sin BDA = sin BA =■ sin c 

ED g 

EG a! 

and c= — ss; sin BDC = sin BC = sin a 

ED g 

And by division, (using only the denominations adopted 
above :) 



c' a' c' sin c 



g g a! sin a 

In the triangle EFO we have also (according to section 68 :) 

EF c' 

= — = sin EGF = sin C 



EG a' 

From tliese-iiwo results we obtain the following equation : 

c sin c 



sin a 



= sin C 



1 or sin c =s sin C sin a 
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2. Determining DQF, by means of DMF, and JOEG, we 
have: 

DF e 

= — = cos BDA = cos BA = cos c 

DE g 

DG f 

and = — = cos BDC = cos BC = cos a 

DE g 

Dividing the second by tlie first : 

ft f cos a 

mm^m * —m "SSI. —m Z^ « 

g g « cos c 

And by the triangle DQF: 

DG f 

= — = COS ADC = cos AC = cos h 

DF e 

And by ec^uality from these two results : 

/ cos a 

— = = cos 6 

e cos c 

or cos a = cos h cos c 5i 

3. Determining DQF, by EQFj and EQBj we obtain : 

= — = Un BDC = tan BC = tan o 

I>G / 

FG b' 

aod = — = tan ADC « tan j3C = tan h 

DG f 

And by division of the second by the first : 

b' a: b' tmb 



f f a' tan a 

By the triangle DGF : 
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b' 

— = COS EGF = cos C 
d 

Hence by equality : 

y tan 6 



== cos C 



a tan a 

or tan 6 = tao a cos C 

4. Determining EBF^ by DGl^^ and BEF : 

EF c' 

= — = tasiBDA = taoB^ = tanc 

GF V 

and — = — as sin ADC = sin wIC =: sin 6 
DF t 

And by diyision : 

c h' c tan c 



e e b' sin b 



By the triangle EOF: 



w 

c 

— = tan EGF = tan C 
b' 



Whence by equality : 

c' tan c 



= tan C 



b' sin b 

4 or tan c = tan C sin 6 

$ 76. If we substitute for the angle Cy in such of the pre- 
ceding formulae as contain it, the angle B, and for the sides 
of the triangle, those which have the same position in rela- 
tion to the angle Bf as the sides named in the preceding 
formulae, have in relation to the angle C; the formulae Ko. 1, 
3, and 4, will give also the following : 



iik 



Fr^tn No. 1^ is obtained ; sib « sin B s= sihi ^ s 

3^ C06 16 tlMi a =^ ^n c S 

4, l9ih c tad B = tta * 7 

The formula No. 2 cannot be changed, because it always ex- 
presses the relation of equality that exists between the cosine 
of the hypothenuse, attd the product oif the cosines of the 
sides that contain th^ ri^ht angle. 

The comparison df the formula already obtained in this 
chapter, gives, by means of the equalities that are found in 
them, the following formulse, which complete all the cases of 
right angled spherical trigonometry. 

Compfittritig N6. 4 ivith Nb; 6 : 

tan c = siD 6 tan C = cos B tan a 

Substituting from No. 5 : sin 5 = sin a sin B 

sin a sin 13 tan C == cos B tan a 

Dividing by : sin B tan a: 

cos a tan C =■■ cot B 8 

By substituting, ih the saute equf&tion, from No. 3 , 

tan b 

tan a = ^ the equation becomes : 

cois C 

cos B tan b 

sin 6 tan C = — '• 

cos C 

Multiplying by cos C cot b: 

cos 6 sin C = cos B ^ 

§ 77 The nine formulse of the two preceding sections mky be 

reduced to six, by remarking : that No. 5, 6, and 7, are mere 

repetitions of !No. 1, 3, and 4 ; for they differ only in having^ 

relation to the other oblique angle of the triangle. They 

give all the cases of right angled spherical trigonometry. 

It may be of use to repeat these principal formula, and to 
P 
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sin c 


= 


sin a sin Q 


€08 a 


^= 


cos ^ cos c 


tan b 


= 


tan a cos C 


tan e 


» 


sin b tan C 


cotB 


:= 


cos a tan C 


cos B 


-"■ 


cos 6 sin C 
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tpansform them into otber similar ones, applicable to a trian* 
gle that has one side = QO*", by means of the supplementary 
triangle, whose properties have been explained in section 7S, 
Y^ We have then : 

I 

2 

4' 

5 
6 

Transforming these equations to a triangle, one of whose 
sides is = 90*", by means of the supplementary triangle, and 
using the same characteristic characters, merely accentuated, 
we have : . 

7 sin C = sin ^ sin e' 

8 cos ^ = cos B cos C 
'•9 tan F == tan ^ cos c' 

!• tan C = sin ^ tan c' 

1 1 cot 6' = cos A tan c' 

•12 cos b' = cos B sin e 

The signs of the trigonometric functions have no influence 
in these mutations. 
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CHAPTER III. 

Investigation of the General F&rmvlm of Ohlique Angled Sphe- 
rical Trigonometry. 

$ 78. General Problem. To find the relations between the 
parts of an oblique angled spherical triangle. 

Construction. Let ABC^ figures 15 and 16, be a spherical 

triangle, that has either tliree acute angles, or the angle at 

Ji, obtuse. 

From C, draw the arc Cl>, perpendicular to BJ ; it will in 

the first case, be opposite to the two interior angles A, and B; 

and in the second, to the interior angle at B, and the exterior- 

at A, or to tlie supplement of the interior angle A ; the func* 

tions of which exterior angle are the same with those of the 

interior angle A, of the triangle. 

Solution. The two right angled triangles, CBD, and CADf 
formed by the perpendicular CD9 have this perpendicular 
common to both. If, then, we express any one of the func- 
tions of this side by the functions of the other parts of each 
of the triangles, we shall obtain equations between the func- 
tions of these parts, which may be transformed into propor- 
tions, and which will furnish all the solutions of the oblique 
angled spherical triangle ABC, by means of its parts. 

Performing this process for the sine, the cosine, and the 
tangent of CD, we obtain the following table; which follows 
as the direct consequence of the formulae b. No. 1 to 6, of 
section IT. We have therefore ; 

By the triangle BCD : By the triangle ACD : c 

sin CD = sin a . sin B = sin 6 . sin ^ i 

rx tan BD : tan BCD » tan AD : tan ACD q 

cos CD = cos a : cos BD = cos b : cos AD 3 

= cos B : sin BCD = cos A : sin ACD '4 

tun CD = tan a . cos i^CD = tan 6 . cos j9CZ) 5 

= sin BD . tan J5 =^ sin AD . tan A 
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As the first formula contains no other terms tlian the parts 
o( an oblique angled triangle, it is evident that its result is 
gmieral ; for an analogous result would be obtained, if the 
C«lfeidiGuM werf > let foil from one of the ether angles of 
the triangle, upon i^ <qipo6ite akie f we therefore have like- 
wise: 

T sin c 8in B = sin C sin b 

^- sinC^iDa = sin .4 sin c 

These fomuI», (1, r, and 8,) transfonaed mta pvopor* 
fions, give : 

1$ sin a : sin 6 = sin ^ : sin B 

10. sijB ^ : sin 6 = sin C : ^n B 

fl sin <» : sio c =s sii|^ : sin C 

By whieh it appears that we have, in Spherical Trigonometry, 
% |;^neral principle analogous to that found in Plane Trlgo- 
upmetry ^ viz : that the sines o^ the sides are proportional to 
the sines of the opposite angles* 

The formulae 5 and 6, transformed into proportions, give 
ihe following results, viz : 

l^Fri^^Ko^. 5. ; ta» a : taa 6 =s cos ACD : cos BCD 
1^ " 6; tan^: tanB = sinBi> :sinj9Z> 

Corollary. The sines of the perpendiculars let fall from 
the,diJBrerei|t angular points upon the opposite sides in a sphe- 
rical triangle, are to one another inversely as the sines of 
those sides. 

Ihnumstration. We had by c, No. 1, [figure 17:) 

sin CD = sin « sin B 

IkratviBg from the point J, an arc perpendicular to EC, 
we have fi^jiyi: the same principles : 

sin Ajy =: sin e sin B 

therefore 
14 sin CD : sin AD = sin a : sin c 
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$ 79. Considering the formulae c. No. 2, S, 4, 9, 12, and 
13, as proportions; and combining them by addition and 
subtraction, as allowed by the principles of proportion ; we 
deduce a series of formulse, useful in the transformations 
of trigonometric formula, to adapt them for calculation. 
They also form* in conjunction with the original proportions 
firom which they are deduced, a series of solutions of a sphe- 
rical triangle, by means of its parts, formed by a perpendi- 
cular drawn firom one of its angles on. the opposvte side. 
When the angle is obtuse, it is known by the algebraic sign 
of the trigonometric functions. 

By this operation we obtain the following results in succes- 
sion, in which we adopt for the statement of proportions, the 
mode of writing then> as equations of fractions ; (as more 
convenient;) and, to fender the process more easy, we 
assume the following notations, in addition to those already 
mentioned; vi^:^ 

AD ^ c^ ; BD = c^ ; 

ACD = C, ; B€D = C^ 

whence JID + BD tsa c^ + c^ = c 

ACD + BCD =: C + C^ == C 

We have by c. No. 9 : 

sin a sin A 



sin b nm B 

Adding and subtracting this proportion by the well known 
method, we have : 

sin a + sin 6 sin A 4- sin B 



sin a c/) sin 6 sin A Cfi 9m B 

And substituting from aeries M» No. 7 and 10 : 

">^i 0» Hr ^) COS i (a O) h) sin h {A + B) cos i (A^B) 

cos. J (a 4^ h) sin i (aiah) cos ^ (A + B) sin h {A W B) 
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d W 

tan i (a + b) tan ( (^ + B) 

tan i (a O) b) tan i (^ c/D B) 

From Cy No. 2^ is obtained by the same means : 

tan c^^ + tan c^ tan C^ 4, tan C^ 

tan c^ C/} tan c^ tan C^, CI) tan C, 

Snbstitating from G^ No. 1 : 

sin (c, + c,) sin (C,, + C) 

sin (c^, CO O sin (C^, «> C) 

or 

sin e sin C 



S 



sin (c^, C» cj sin (C, O) C ) 

From Of No. 3, is obtained by this method : 
cos a + cos b cos c,^ + cos c^ 



cos a CO cos fr cos e^^ CO cos c^, 

Substituting from series M, No. S and 11 : 

cos J (a + h) cos h {a(Xih) cos | c cos i (c^ CO c,) 

sin i (a + &) sin h (aCnh) sin | c sin i (c,^ CO c) 

or 

cot J (a + 6) cot i c 

tan i (a 02 ^) tan | (c,, C» 

From c, No. 4, is obtained by this method : 
cos B + cos A sin C^ + sin C, 

cos B CO cos A sin C,^ c/2 sin C 

And substituting from M5 No. T, 85 IO5 and 11 : 

cos 4 (^ + B) cos i (^ C» B) sin 4 C cos j (C^ Qo CJ 

s1n 4 (JJ + B) sin 4 (Jl 03 B) cos 4 Cgin 4 (C, o3 C-J 



or 



cot J (^ + iS) lai i C 



tan J (^ C» B) tan } C^ QC C) 

From e^ No. IS^ is obtained : 

tan a + t^nb cos C + cos C„ 

tan a ^ tan 6 cos C, c/2 cos c„ 

Substituting from O, No« 1, and M, No. 8 and 11 : 

sin (a + b) cot ^ C 

sin (acn b) tan i (C^ CC Cj 
From Cy No. Id, is obtained in a similar manner : 

sin c^ + sin c' tan .^ -|- tan B 

sin c,, CO sin c, tan .A CO tan B. 

Substituting from M^ No« 7 and 10^ and G^ No* 1 : 

sin i c cos I {e^ CO c ) sin (A + B) 



or 



cos i c sin J (c, C/i c^J sin (^ CO B) 

tan I c sin (^ + ^) 



^ tan i (c^^ CZ) c,) sin (A CO 5) 

$ 80. The section 78 has already given one of the general 
principles for the solution of Spheric Trigonometry^ applica- 
ble to the cases, where two sides and one angle, or two an- 
gles and one side are given ; so that one of the given angles 
and sides are opposite to each other, and the part sought 
opposite to the remaining part given. 

To obtain other such formulas, in which the three parts 
given are two sides and the included angle, and the pai*t 

* In these formulae and their comibinationi lie all those called Napier's ana- 
logies, which it is not here necescary to treat in full. 
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sought one of the other angles ; or when two angles and thfi 
included side are given, and one of the othfir sides sought ; 
we have not here given, as in Plane Trigonometry, the sum 
of the remaining angles. A formula that is applicable to 
this case, and to those derived fiMn it, tnay te oblailMMl in 
the following manner : 

We have from a, No» S* by transforming thedenominatioiiB 
into those here employed : 

tBnc^ :=s tad a cos B 
By F, No. I : 

sin c, = shi (c C/2 O = 
Whence 



sm e 000 c^, Cfi cm c sm c^ 

99 99 



sm c. 



I t 



sra c 



*i 



sm c 



tan c. 



CQ c<M c 



u 



By c. No. IS : 



sm c. 



Sin c 



u 



tan £f 
tan A 



Therefore, by equality : 

tan E sine 



tan A 



tj^ cos c 



tan c 



// 



Substiti^ting for tangent c,, the first of the above formulae : 

ton E shl € 



tan j9 



« I 



tan a cos B 



OQ cos c 



BeiueiMg to a common desottiiiator gifvesy tflmr compDii-^ 
sating this common denomiMtifr on bo^b sides ^ 

tan a sin B = sin c tan jf CO cos c tan a cos B tan jj 

^ Multiplying by : cotangent a cotangent A : 
I cot ^ sin B = sin c cot a CO cos c cos B 



^ 
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As this formula contains the functions of two sides and 
two angles^ of which one is opposite and an other included, 
alternately ; if any three of these parts he given, the fourth 
may he found ; it is, therefore, general in all cases,, as has 
heen shown to be true of formula c. No. 1, for those cases 
where the sides and angles are mutually opposite. 

$ SI. In order to complete all the possible modes of com- 
bining the six parts of a spherical triangle, there only re- 
mains to be investigated, an analytic expression that shall con- 
tain three parts of the same kind, and one of a different kind; 
that is, three sides and one angle, or three angles and one 
side. A formula of this kind may be obtained by means of 
a process similar to -that of section 80, with merely an appro- 
priate variation in the parts substituted. 

By a No. 3, we have : 

tan c^, = tan 6' cos A 
, By F, No. 2 : 

cos e^ = cos (c CO cj = cos c cos c^^ + sin c sin c^ 

Whence 



cos c 



I 



cos c^ 



cos c + sin c tan c 



By c. No. 3, we have also, (substituting the notation here 
used:) 

cos c, cos a 



cos c,^ cos h 

Thence by equality : 

cos a 



cos c -\- nine tan c^^ 



cos h 

And substituting for tangent c,,, the first formula above ; 

cos a 

= cos c -|- sin c tan h cos A 

cos h 
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Or finally^ (multiplying by cosine h:) 

2 cos a ass COS c COS 6 -)- sin e sin b cos jf 

$ 92^ The general formuls c^ No< l^ and e. No. 1, are of 
an identical nature ; the sides and angles appearing in them 
in an even number, or symmetric. It remains for us to 
show, that the formula e, No^ s, just precediagt has the same 
pn^rtyof generality, ajs relates to its i^pplication to iMss 
or angles, when proper attention is paid to the consequence 
of the change in the assumption ; this may he mpst easily 
shown by a reference to the supplementary triangle. 

Transforjtning, therefore, e. No. 2, in eoffiformily. withibe 
princiides of the supplementary trianj^e,. we ahall have aU 
the sides changed into angleSf and the angle will become a 
side ; the formula will thus be adapted to three angles and 
one side ; but it must be observed : that the cosines of the 
supplementary angle are negative; and that the algebraic 
signs of the different terms undergo the change consequent to 
this change of sign. If the transformation be performed with 
regard to this circumstance, and the single term on the left 
hand rendered positive, as is always usual for the part sought 
in an equation; we shall obtain the result: 

3 cos A = sin C sin B cos a — cos C cos B 

$ 83. As the three general formulae, series c. No. 1, and 
series e. No. 1 and 2, include the analytical expressions of 
all the cases of oblique angled spherical trigonometry; it 
will be proper, on account of the frequent use we shall make 
of them, in deducing from them others, better adapted for 
calculation in each individual case, to collect them here, so 
as to be seen at a, single glance. It is evident from the 
above : that, taking them in the full extent of their import, 
they contain, in the shape of no more than three formulae, all 
the solutions of oblique angled spherical trigonometry; that 
ihey, therefore, are the fundamental elements of all future 
investigations of the individual cases. 
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These three formuls are as follows : 

810 asin B = sin 6 sin A 1 

' cot Asin B s sin c cot a CO cos c cos B S 

cos a = SID c sin 6 cos .A '-4- cos c cos 6 ^ 

* > 

» 

$ 84. We shall not^ therefore^ here make any mutationB of 
these formulsB, to adapt them to individual cases, which are, 
of coarse, contained in them analytically ; but keep them in 
the full generality of their value and import, all their muta- 
tions according to the data of a given case being of course 
supposed ; and proceed in the next chapter to give, for each 
particular case, a variety of formulae, adapted to logarithmic - 
calculation, presenting a proper choice, according to the 
nature of the data of any individual calculation. 



CHAPTER IV. 

JDeduetion of Formvlae adapted to the Logarithmic Caleulaiion 
of dU the cases of Oblique Angled Spherical Trigonometry. 

§ 85. This part will here be treated of by means of a com*- 
plete series of Problems, for each different supposition of parts 
given and parts sought; applying the appropriate reductions, 
and using^ in case of need, the auxiliary angles ; with the 
modifications of the formute whence they are derived ; and 
having rrference, for convenience of notation, to a spherical 
triangle ABCf Jigure 15 or IC, whose sides a, h, c, are 
respectively opposite to the angles w9, B, C. 

$ 86, FrMem 1. Given, two sides and the angle opposite 
to one of them, to find the angle opposite to tlie other side, 
. hf c, and the angle JB, being given, to find the angle C 

By c. No, T, we have given : 

sio £ sin c a sin C sin h 
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Therefore J 

81D B 8in c 

g sin C = 

eiD h 

This formula is adapted to logarithmic calculation^ without 
change, as is evident from inspection. 

$ 87. Froblem 2. Given, two' angles and a side opposite to 
one of them, to find the side opposite to the other. > 

c, B, and C, heing given, to find 5. 

By the same formula we have : 

sin JB . sin c = sin Cain h 

Therefore 

sin B sin c 
h sin 6 = ■ 



sin C 

$ 88. Froblem 3. Given, the three sides, to find one of the 
angles, 
a, b, c, heing given, to find A* 

By f. No. 3, we have : 

cos a = sin 6 sin c cos A -f- cos b cos c 

By transposition and division : 

cos a — cos e cos b 



cos A ==: 



sin b sin c 



Ut Transforniation. To transform this formula for flie 
purpose of adapting it to logarithmic calculation ; we have 
hy Q, No. 3 : cos wJ = 1 — £ sin« i A 

By which : 

cos a — cos c cos b 



1 - 2 sina i Jl = 



sin c sin 6 



Transposing and reducing to a common denominator, with 
the consequent change of signs : 

SID c sin 6 + cos c cos 6 — cos a 



2sin>|J =^ - 



sin c siu b 



And by the two first terms of the numerator : 

cos (c CT: b) — cos a 



2 8in« 1 j1 = 



sin c {(in b 



Substituting from M, No. 11, and dividing both sides of 
the equation by 2 : 

sin i(a + (e wb)) sin J (a - (c CC 6)) 



sin* ^ A = 



sin c sin b 



a + b 4- c, 
Calling p = -^ as in section 5f : 

sin (p — c) sin (p — i) 

sin* } ^ =* ; ; 

sin c sin 6 

Whence: 

« 

>sin (p - c) sin ( p- b)\i 

Bin hA = I -1 1 

\ sin c sin 6 / 

2d Transf&rmaiwn. We hare also by Q, No 4 : 

cosjfl = 2cos« M - 1 

Substituting this, transposing the 1, and reducing to a com- 
mon denominator, we have by the same process as above : 

cos a — (cos c cos 6 — sin & sin c) 

2 cos* i ^ = 7" • 

sin 6 sin c 

cos o — cos (5 +c) 
sin b sin c 



1S6 



PAST 'HI. 



2 CM* iA =r 



2Bini(fl + b + e)B\ni(h+e^ a) 



cos}^ 



= ( 



Bin 6 sin e 
sin p sin (p — o)\i 



sin b sio e 



) 



These formnlaB are aflfected in the same way as the corres- 
ponding formulsB of Plane Tngonometry, T, No. 14 and 15. 
Sd Transformation. We also deriye from them^ in the way 
that was there described, the following formula^ which is in 
all oases the most exact in its results. 



UniA 



sin iA 



sin tja y 

cos i j9 V 



sin (p — c) sin (p — ^)\4 



sin (p - 6) Y 
(p-«) / 



sm p sin 

$ 89. Problem 4. Oiven^ the three angles, to find one of 
the sides. 

A, B, C, being given, to find a. 
By formula e. No. 3 : 

cos B cos C -{- cos j9 



cos a = 



sin B sin C 



1st TransfinmaMon. ByQ,No. S: cos a = 1— -2sin' ia 
Substituting this value^iran^posing, aiid reducing to a com- 
mon denominator : 



2 8in> i a 



sin B sin.C -« cos B cos C — cos jf 

sin fi sin C 

— cos (JB -t C) — cos j3 

> 

sin B sin C 



By a substitution analogous to M, No. 8, and diyiding bofli 
sides by 2 ; 

cos i (B + C + JJ) cos J (B 4- C- j|) 



stn^ i a 



sin B sin C 



V* 



- *^- "^ 
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Ji + B+C 
Assuming P s= i j» . a»d extracting the root : 

2 



V.I < 



COS P COS (P - j9)\ 1 



(cos /* cos (P -^ Jl)\ 
sin B sin C / 

• 

We get rid of the sign —-9 from the consideration : that P 
is necessarily an obtuse angle, since the sum of the three 
angles of a spherical triangle is always greater than two 
right angles^ (by section 72 ;) hence its half is greater than 
one right angle, the cosine of which being negative, renders 
the result positire ; we hare, therefore, finally : 

(cos P cos (P — A)\i ^ 
1 1 
sin JS sin C / 

2d TrantforvMdion* By substituting in the above formula 
cos a = 2 cos' i a — 1, we have : 

sin B sin C + cos B colsi C -f- cos A 

2 cos* 1 a = ■' 

sin B sin C 

cos C 4- cos (B c/2 C) 
sin B sin C 

By « substitution analogous to M, No. 8, it becomes : 

2 cos J (j3 + (B CO C)) cos * (.fl C» (B QD C)) 

2 cos* ia = ■ ■ 

sin B sin C 

rcos i (JJ + B - C) cos i (JJ + ^ - B)v i 
V flin B sin C / 



cos la 



(cos (P - Q cos (P -B)v 4 
sin B sin C ^ 
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Sd TS'ansformation. We have also in this case as in the 
preceding^ from the diyision of the two formul» : 

(C08PC08(F — jj) \i 

COS (P - C) cos (P - By 

I 

6 90. Problem 5. Given, two sides and the included angle, 
to find the third side. 

h, Cf and ^^ being giyen, to find a. 

We have found by section 88, problem 3 : 

cos (c C/5 6) — cos a 

2 sin" hA >=i ^ 

sin 6 sin c 

Op 

2 sin h sin c sin' i A =: cos (c CO 6) — cos a 

1st Transformation. Substituting for the two cosines on 
the right, their values from the analogy of Q^ No, 3, we have : 

2 sin b sin c sin" i j) = 2 sin" ha — 2 sin' He Zf^b) 
Whence 

sin' i a = sin' i (e CO 6) -|- sin 6 sin e sin' i j9 

Making the first term on the right a common factor for 
both terms, and extracting the square root: 

(sin b sin e sin' i A\ i 
1 + 1 
sin' i{euib) f 

Assuming 

sin i A 
2 tan Z B3 ■ (sin 6 sin c)* 

sin i (c CO 6} 

We have for the part under the radical : 

1 

(1 + tan* Z)* := sec Z = 



cos Z 
And the formula becomes : 



^Aiiui 
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sin i(c Cfib) 



sin 1 a = 



cos Z 



I 1 

rosa 1 f/i r'^ h\ / 



M Transformation, it is evident that it majr also be 
reduced by a substitution analogous to Q, No. 4. 

2 sin b sin c sin^ j ^ = 2 cos^ i (^ OQ ^) " ^ c<>^* °' 

Whence may be deduced by the same process : 

sin b sin c sin^ ^ '^\i 

cos« i (c ^ 6) 

Assuming 

sin ^ ^ 
sin Z' = ■ (sin b sin c)i 5 

cos i (C lyj 6) 

The formula becomes : 

cos I a = cos i (c ^b) cos Z' 6 

S<i Transformation. Taking from problem S, the formula 
for the yalue of cos^ i A, instead of the yalue of sin' i A, 
yft obtain : 

2 sin b sin c cos^ \Ji = cos a — cos (6 + 

We have, consequently, the means to transform the equa- 
tion again in two ways, by means of the two values of cosine 
a, and cosine (b + c). ? 

In the first place, by a substitution analogous to Q, No. 3, 
and the transformation made in No. 1 : 

(sin b sin c cos^ h A\h 
1 ' I 7 

sin^ i (<J + W ^ 

In which, by assuming 

cos i A 

sin Z" == (sin b sin c)« 8 

sin i (c + W ^ • 

R 



\ 
/ 



^^.^it-^a^t 
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The formula becomes : 
9 SID ^ a = sin J (c + 6) cos z" 

4th Transformation. By a substitution analogous to that 
in the 2d ti'ansformation, we also obtain here : 

2 sin b sin c cos' i A =^ 2 cos> i a -- 2 cos* ^ (c + b) 

Whence in' like manner : 

(sin b sin c cos* i A^ 
I ^ 1 
cos* i (c + b) / 

(sin b sin c cos' ^ .^v ^ 
1 + 1 
cos* J (c + 6) / 

Assuming again 

cos 1 ^ 

11 tan Zr = (sin b sin c)i 

cos i (c + 6) 

the formula becomes : 

cos } (c + 6) 

13 cos } a = 

cosZ"^ 

The four preceding formulae evidently furnish the means 
of forming two others for the tangents, as h. No. 3, and i, 
J^o. S, in problems 3> and 4, in the following manner. 

5th Transformation. Dividing No. 3^ by No. 6 : 

sin I a sin } (c CO b) tan | (c (/} b) 

13 = tan I a = = 

cos i a cos i (c OQ ^) cos Z cos Z' cos Z cos Z' 

In which we have, as before, the auxiliary angles determined 
by No. 2 and 5. 

6th Transformation. Dividing No. 9, above, by No. 
12: 

sin la sin i (c -j- b) cos Z" cos Z'" 

= tan i a = 



cos i a cos J (c + b) 

14 = tan a {c +b) cos Z" cos Z 



i 



CHAPTER IV. 131 

The values of cosine -Z", and cosine Z'", being determined 
by No. 8 and 11. 

As these two formulae have the same factors in the auxiliary 
arcs as the four preceding ones, and represent no more than 
two different functions, of which the same function is used 
finally, the calculation of them is not attended with much 
more labour ; and this is fully compensated by their greater 
exactness and applicability to every case. The nature of 
the data must in this case, as in every other, determine the 
choice of the formula; if, for instance, (c cn b) were smalls 
the formulae which employ its cosine would not afford 
exact results ; it is, in genei*al, better to employ those using 
{e + b); and those giving the tangent,, will in all cases be 
preferable. It will be readily perceived, that it is a matter 
of indifference whether we take the sine, or cosine, for the 
auxiliary arc, as well as, whether the tangent or cotangent 
is used, in the respective cases where their use occurs, pro- 
vided tiie proper corresponding functions are also used in the 
final formula. 

7th Tran^ormoHon^ We may also transform the original 
formula f. No. 3, of the preceding chapter. This gives a 
function of the whole angle, as follows ; viz : 

cos a = cos c cos b -|- sin 6 sin c cos A 

by substituting for sine ft, or sine c, the value of one or the 
other, in conformity with the principles whence we deduce 
series B. 

In this manner, writing instead of sine i, its equal, 
tangent b cosine 6, we have : 

cos a = cos b cos c + tan b cos b sin c cos A 

And assuming : tan y = cos A tan b, we obtain : 15 

cos a = cos b cos c + cos b sin c tan y 

Multiplying the two terms on the right hand by cosine y, 
we have : 
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COS h cos c cos y 4~ cos h sin c sin y 



cos a = 



cos y 

COS ( 

And, as is a common factor : 

cosy 

cos b 

cos a = r (cos c cos y + sin c sin y) 

cos y 

cos & • cos (c (X ^) 

16 = - 

cos y 

^th Transformation. Making, as before^ 

17 cot y c=? cos A tan i 
we finally obtain : 

cos h sin (« + y*) 



IS cos a == 



sm y 



It will be seen that these two formulsB are identical, for 
the passage from the tangent to the cosine is evidently the 
same as that from the cotangent to the sine. In i:he first 
case, we have the cosine of the difference between the auxi-* 
liary angle and the other side ; and in the second case, the 
sine of the sum of the two angles ; which produce again the 
identical trigonometric function. 

§ 9K Troblem 6. Given, two angles and the included side, 
to find the third angle. 

Bf Cf and a, being given, to find A, 

This case is exactly analogous to the preceding, as might, 
in fact, have been anticipated from the properties of the sup^ 
plementary triangle 5 it, notwithstanding, requires a separate 
investigation, in consequence of the diversity that occurs in 
the algebraic signs, and in the combination of the simple arcs 
and their values; which occasions a change of sine into co- 
sine. We therefore give theae successive changed. 

In preparing the formula k. No. 1 , problem 4, we obtained : 
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- COS (J? + C) - cos A 

2 ain^ J a = 

sin £ sin C 

Whence 

2 eio B sin Csin* ha = — cos (B + C) — cos A 

Ist Transformation. Introducing the sines and cosines of 
the half angles instead of the cosines of the whole angles, 
by substitutioBS analogous to Q, No. 3 and 4 : 

2 8in> iA ^ 2 cos* i (fi + C) + 2 sin B sin Csin^ i a 

Dividing the whole by 2, making cos' i{B + (y) a com- 
mon factor, and extracting the root, the formula becomes : 

(sin B sin C sin' } a\i 
1 + I 1 

co8«i(B + C) / 

Assuming again 

sin i a (sin B sin C)* 
tan Z = _____ £ 

coah{B + C) 
The formula becomes : 

cos i{B + C) 



sinhA » 



cos Z 



(sin x» 8ID 1^ sin' 9 Ov 
1 .., — ^1 4 

sin' J (B + C) / 



Sd Trans/brmatum. Substituting sine, and cosine of A^ 
and {B + C), in a manner the inverse of that employed 
above, we have, as may easily be seen : 

sin B sin C sin' ia^i 

sin' J (B + C) 

Assuming 

sin i a (sin B sin C)^ 
ainZ' = 

sin J (B + C) 
The formula becomes : 

cosi A = sin } (B + C) cos Z' 
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3d TransformaMon. Taking from the 4th problem tiie 
preparation for tlie second transformation : 

2 C08« ) a sin B sin C = cos j9 + cos (B CO C) 

And substituting the functions of the half angles, exactly 
as in the preceding transformation, we have : 

(sin B sin Ccos^ } av 
cos* i{Bai <^ f 

(sin B sin C cos* i flv | 
1 '" I 
COS* |(B 0!) C) / 

In which, assuming 

cos \ a (sin B sin C)^ 

g Bin^ = 

cos 4 (B c/} C) 

The formula becomes : 

9 SID i Ji = cos i (B c/5 C) cos Z" 

4th Transformation. By substituting the functions of the 
half angles, in a manner the inverse of that used in the pre- 
ceding transformation, we obtain, firom the same formula as 
the preceding one, the following results in succession : 

2 cos' i a sin B sin C :=. 2 cos* i j9 - 2 sin' i {B (H C) 

Whence 

cos' i j9 = sin' i {B (j^ C) + cos' 1 a sin B sin C 

(sin B.sin Ccos' i av § 
1 +^ J 
sin' J (B 02 C) / 

And assuming 

cos i a (Mn B sin Cy 

,1 tan^'" = 

*^ 9mi{B^C) 

The formula becomes : 

sin i (B 03 C) 

cos i .^ c=: . 

cos ^ 
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5th Transformation. The four preceding tnuisfonnatioiis, 
also evidently give two for the tangents ; viz. 
By dividing formula 3, by formula 6, we obtain : 

■io i Jl cos i (B + C) cot i{B + C) 

' =s tan J .^ = = — 13 

cos i j9 sin i{B+ C).cos Z cos Z' cos z cos Z' 

for which Z, and Z', are determined by No. 2 and 8. 

6th Transformation. By division of the formula No. 9^ 
by the formula No. 12^ is obtained : 

sin M cos I (B O) C) 

\ = tan I i^ = cos 2f cos z'" 

cos i j9 sin i (B CO C) 

= cot J (B W C) cos Z^ cos Z"' 14 

where Z", and Z'"', are determined by No. 8 and 11^ above. 
7th Transformation. Taking the original formula^ as in 
problem 4, we obtain^ by transformations analogous to those 
for No. 16 and 18, in the 5th problem, the following results 
in succession, for two analogous transformations ; viz : 

cos j9 ma COS tt Sin jB sin c ^ COS fi COS C 

By a substitution, according to B, No. 8, using for sine B, 
its equal, tangent B cosine B : 

cos A = cos a tan B cos £ sin C -> cos B cos C 

And assuming 

cot y = cos a tan B 15 

cos .^ s cos B (cot y sin C — cos C) 

cos B 
= — — (cos y sin C — cos Csin y) 
sin y 

cos B 

cos A = sin (C — y) 16 

sin y 
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8tA '^RramformaUon. This is identical with the foregoing^ 
and is thus obtained. If^ instead of making use of cotangent y» 
we assume : 

17" tan 2^' =f cos a tan B 

we obtain : 

cos A := cos B (tan y sin C — cos C) 

cos B 
= ■ (sin y sin C — cos Ccos y) 



13 



cos^ = 



COS y 

— cos J5 COS {y' + C) 

COS y 



It is necessary to pay strict attention to the proper alge- 
braic signs of {y' + C) tliat determine the affection of A, 
which is obtuse when {y' + C) Z. 90°, and acute when 
{y' + C) A 90"* ; and also to the algebraic sign of the func- 
tions of y' itself, as determined by a, and B. 

$ 92. Problem 7. Given^ two sides and the included angle, 
to find the remaining angles. 

a, by and C, being given, to find A, and B. 

By d. No. 4, we have : 

<^. ^ ^.\ cot i{B +A) cot i C 

cot 



(^) 



2 / tan i (4 02 ^) 

By d. No. 5, we have : 

C, CC C"v sin (a + 6) tan j C 

^ 2 / sin (a C/} 6) 

Therefore, by equality : 



cot 



cot i{A+B) cot 1 C sin (a + 6) tan J C 

tan i (jS 02 £) sin (a 02 6) 

Which gives the two following equations : 
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tan ^ (Acnff) 



tBni(A + B) — 



SID 


(«c» 


h) cot* } C 


sin (a 
sin 


+ h) 


tan i (^ + B) 
h) cot* 1 C 



tin (a + A) tan i (^ C/) B) 



Each of these formultt still contains the unknown qaantitj 
of the other ; by comparing each of them with No. 1 of the 
same series, we obtain : 

tan i (B OD ^) •■ 

tan } (Jl + B) tan i (6 en a) sin (a c» V) cot* i C 



tan i (a + &) sin (a + 6) tan i (j1 + B) 

tan I (^ -f- J9) = 
tan i (^ i» B) tan | (a + 6) sin (a (» ^) cot* i C 

tan i (a O) 6) sin (a + ^) tan i (^ CI} B) 

Which furnish two new equations, each of which contains no 
more than one of the two unknown quantities that are sought, 
and we can easily deduce from them : 

cot* I Csin {a CO h) tan \{a + h) 

. twi«i(^ + B) = — 

sin (a + 6) tan i (a Cn 6) 

cot* ) C sin (a CC i) tan i (a CO h) 

tan*J(jiC»B) = 

sin (a + 6) tan i (a + 6) 

By a substitution for sin (^ ^ h\ analogous to Q, No, 1, 

sin 
expressing the tan a — , and the resulting compensations 

cos 

and extraction of the roots, the final formula result i 

cos i (a en &) 

ttin J (jf + B) =s cot l€ 

\ cos i (a + 6) 

S 
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sin I (a CO 6) 



^ tao |( J CO B) i» cot i C 



sio i (a 4- ^) 

These formiilff, which are easy to calculate, and advanta-* 
geous, enable us to dispense with the research of others, that 
might be easily constructed, in which no more than a single 
ai^k 18 ideiermined; They gire, of Connie, directly : 

A = h(A + B) + h{A^^) 
and B =] i (j3 + B) - i (j3 CO B) 

$ 93. Problem 8. Given, two angles and the contained 
side, to find the two remaining sides. 

A, B, and c, being given, to find a, and I. 

The consideration of the formulae of the same series 
whence the preceding have been derived, shows that formulie 
similar to them may be obtained for this ca9e. Bi|t in order 
to shorten the operation, we shall here proceed by means of 
the supplementary triangle ; writing each of the angles and 
sides in expressions taken from the supplementary triangle | 
distinguishing them by accentuation until reduced. When 
reduced by this method, the formulse n. No. 1 and £, become ; 

180° - a + 180** — 6' 
tan — ^ 

cos i ((180° - jT) CO (180° - B)) 

5= cot (90** - * c') . 

cos i ((180° — A') + (180* - ff)) 

tan * ((180° - a') C» (180° - 6')) 

sin i ((180*' - A') ^ (180° - ff)) 



-^ cot (90O — 4 c') 



sin I ((180° - A!) + (180° ^ B)) 



Making the compensatlcms ^hlch evidently result tiirougb- 
out, considering that cos (180° — x) = — cos a:; that 
cot (90* — i c') ss tan i d, and that tan(190* ^ a;) = •- tana:. 



iind altimateiy omitting the QpcentJi&tiotry we hate m a iHal 
Jresult: 

cos i (A in B} 

tan I (a + b) = tan J c ■ " 1 

cos i{A + B) 

siD i (^ a> ^) 
tan i (a CZ3 6) = tan J c 2 

The two sides here^ aiT evidently found as the two angles 
were in tiie former imstance. 

a = ^{a + b) + i^{aZnb) I b = i {a -^ b) t, .i ia tn h) 

If two «i4e^ i^itl^ thci two anfled b{){/6i^ite to tht^m lire ^vei^V 
thii f(^niluttt n; mH o^ ^tetermvne wi^h ecfiml ease tK^ AfMf 
ati{(le and the thiird i^ide; 

$ 94 V Pfidttm 9. Gfvt^; two sides lind aii i^gleyyppbi^ite' 
to onle Mr mmm^ to find thi^ thir« siAe« 

Iv Oiy and' j(^ hieiiig gi'f^fl, to ftnd e. . ! » 

By f, ]Sr«>. 9, 3we *favie j 

cos a == cos c cos & 4- sin fc sin c cos ^ 

This fonmda bas; alreacly hecn truflhsEoHMttec^ M pMblem ^, 
formulae 1, No. 15 to 18, into the two folkiwiii^* , 

1st Tra'^formatiov^* Maki^ig ^ 

tan y ^^ tan H cos A 1 

we there obtained : 

COS b. 
cos a = COS (c CO y) 

Whence, dividaiigby^ -"Trr^y weobtadn for the^i^s^t^t^M^tti': 

cos y 

* 

COS a cos y 

COS (c^y) = 2 

cos b 



-iimlii Mi 
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- ^d TransfornuUim. Making 
S cot 2f' = COB A tan 6 

we there obtained : 

cos b 

cos a aa sio (e + y) 

siny 

Whence we deduce^ as before : 

cos a sin 2^' 



sin (c + y') = 



cos b 



These two fonnul» giye, each, one of the two possible 
Migles. Only one, however, need becalculated, because this 
double result is also obtained by taking both the sum, and the 
difference between the two angles, c» and e ± y; with this 
understanding, therefore, the two formulas are identical. 

Sd l^ansfarmation. By a direct analytical treatment of the 
formula f. No. 3, we may obtain a mutation giving the side 
c, in a formula analogous tb F, No* 1, or S ; that is to say, 
in two parts ; the sum or difference of which will be the side c, 
sought; this process leads through a quadratic equation, 
which may be avoided by proceeding as has been done in 
Plane Trigonometry, problem 5. 

Making, therefore, according to fgure 15, or 16 1 

5 c=^BD±AD^x±y 

We have by series b. No. S-: n 

6 tan AD = tan b cos A ^=^ tanx 
T and tan BD s tan a cos B =i tamy 

The angle B, is not given directly ; but is determinable 
from the data of the problem ; we have by them ; 

sin A sio b 

e flia5 = ; 

sin a 



^^^ — - 
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This angle, Bf therefore, forms an auxiliary arc in the de- 
termination of tangent y^ by which means hoth parts of c 
are, therefore, determined by their tangents. 

Aih Transformation. If we express, by means of the value 
of the tangents obtained in the preceding, the values of the 
cosines of x and y, according to the formula D, No. 9, we 
obtain the following simple expressions, which are extremely 
easy to calculate. We have, in that case : 



1 
coax =3 



(I + tan* «)4 

and in this, by 6 : 

SID h COS A 
tan X == ■ ■ 

cos b 

Thence : 

1 



cos X =: 



(8m> 6 cos j9\ 
I + 1 
C09« b / 



cos h 



(cos* 4 + sin* b cos* ^)i 
cos b 

(1 - sin* 6 sin* A)i 

And by changing the expression for the value of tangent y, 
in like manner, we obtain : by first substituting in T, the 
value of cos A s=: (1 — sin* B)i 

sin a £ sin* A sin* 6v \ 
tany =» — . I i 1 

cos a ^ sin* a f 

Substituting this value in the same formula, D, No. 9^ we 
obtain : 



-# 



l^ 
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COS y =^ 



(1 + tan" y)i 



1 



( 



tin* a 



1 + 



cos' a 



('- 



sib^ ;f siilia 6v \| 



^•" 



sia" a 



)) 



( 



I + 



coa" a 



(sin* B — 



810" 6) j 



COS a 



(cos" o + ain' « -^ wn* 4 ««»* ^)^ 
cos a 



40 



cosy = 



(1 - sin" 4 sin" b)i 



These two formute hare fhe same denominator; they furnish^ 
consequently, tjie same auxiliary arc for both; makings 
therefore : 

11 siiD Z =: sin ^ sin 6 

we finally ohtaiu) for Mb two^fbrniilsB 9 and 10, the defini* 
tive values : 



12 



cos X = 



mid 



15 



cosy 



C08& 

cos Z 



cor a 
cos Z 



the calculation of which is evidently of the gp«a^st simplicity. 
By using D, N^. S, instead of No. 9, somewhat similar 
expressions are obtained for the sines*; but, as they are npt 
so simple as either of the preceding ones, they are not here 
deduced. 



-'-. * ... 



••. -*' 



s.^ 
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$ 95. JPfiAlem 10. Givea, two angles and a side oj^iosite 
tp one ai %U^m ; to ftnd the third angle. 
Oiven, Jis 9, a; to find C. 
The general formula for this case is again : 

cos C = sin B Bin A cos c — cos B cos A 

Ut Transformation. It is evident that, making use of 

the 7th transformation of problem 6, we obtain by simple 

division of m^ No. 16 : 

Assuming q 

cot y = cos a tan B I 

cos A sin y 

sin (C CO y) = i — 2 

cos B 

2d Transformation. By the same process, we obtain from 
m. No. 18, upon the supposition that : 

tan y^ = cos a tan B S 

cos A cos y 



cos (C+y') = - 



cos B 



These two formulse are evidently under the same predicament 
as the two corresponding ones in the preceding problem. 

Sd Transformation* To this, what lias been said in the 3d 
transformation of problem 9, again applies exactly ; for we 
have here again, by figure 15 and 16 : 

C = BCD ± ACD ^ X ± y 5 

By series b. No. 5, we obtain for this case : 

cot X = cos a tan B ^ 

cot y BB cos 6 tan i^ 7^ 

The unknown side b, employed here, is determined according 
to problem 1, as an auxiliary arc for No. 7, thus : 

sin a sin B 

sin h = ■ ' ' " ■ S 

sin A 



^^am^^^^a^mm^^i^^^gmm^m^^^^^^^^mmmmt 
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4ih Transformation. The results of the preceding formiila 
being nsed^ in the same manner as in the 4th transformation 
of the preceding problem, but applied to D, No. 2, will give 
for this problem the following transformation, exactly analo* 
gous in point of form. We have there : 

1 

sin X = -^— — 



(1 + cot« »)4 

From No. 6, above ; 

sin B 

cot X = cos a 

cos B 

Whence 



«in X s= 



(cos* a sin* jBv 
1+ ) 



COS* a sin* B>^ } 

cos* B 
cos B 

(cos* B + sin* B cos* a)i 

cos B . 



(cos" B + sin* B - sin* B sin' a)i 
cos B 



tin X 



(1 - sin* jB sin* a)^ 



And in like manner, after having inserted the auxiliarj angle 
No. 8, we have < 

SID A , sin* a sin* Bv i 

coty = (l 1 

cos A ^ sin* A / 

(sin* A - sin* a sin* B)* 



cos A 
Whence is obtained, by analogy to D, No. S : 
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amy = 



((sin* A — siD> a sia' £v | 
1 + ) 
C08« A ^ 

COS .1 

(co8> A + 8iQ> j9 — sin' a sin* jB)i 

cos A 

tnn y = ■ 10 

(1 - sin> a sin* B)i^ 

Heref againi the denominators are equal ; and the auxiliary arc 

sin Z = sin a sin B 11 

Which gives the final formulae : 

cos B 
sin X = ■ ■ - 12 

cos Z 

and 

cos A 



smy = 



cos Z 



IS 



§ 96. Froblem 11. Given, two angles, and a side oppo- 
site to one of them; to find the side contained between these 
angles* 

Given, B, a, A ; to find c. 

The solution of this case depends upon the original formula, 
f. No. 2. 

sin c cot a + cos e cos B =: sin B cot A 

\st Transformation. By making i- 

tan a; = cos B tan A I 

which gives ; 



<*08 B cos X 
sin jc 



cot a = j 



IF 



■ 11 .I t ' 
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And substituting it in the equation, it becomes : 

sin e C08 B oos x 

, 1- cos c COS B ^= sin B cot A 

sin X 

COS B 

Reducing to a common denominator, and making^ ^ 

sin a: 

a common factor : 

cos B • 

— (sin c cos X + COS c sia «) =* wn B cot A 



SID X 

cos B sin (c 4" 3p) 



= sinBcot^ 



SID a: 

And finally : 

2 sin {c + x) •= tan B cot j3 sin x 

£d Transformatum. This is obtained in a manner similar 
to the foregoing, by making: 

3 cot a;' = cos B tan a 

' • Which gives: 

cos B sin x' 

cot a = 9 -! 

cos x' 

Which, being substituted in the formula, gives : 

sin c cos B sin x' 



i t ■ ■— 
cos x' 



'+ COS c cos B =» sin B cot ^ 



Treating this as in the previous case, we obtain successively 
cos B 



cos X 



(sin c sin «' + cos c cos «') = sin B cot ./l 

cos B cos (c CC x') 

■■■ — ■■ - ■ = sin B cot A 

cos x! 

cos (c C/} X ) = tan B cot A cos » 
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that are two formulse^ in the same predicament as q, ^o. 2 
and 4. 

Sd Transformation* This is made in a manner analogous 
to that in problem 9, and equally avoids the quadratic equa- 
tion^ by which it could be obtained from f, Ko. 3, or e^ No. 
3 ; taking, according to figure 15 and 16, the segments of 
the side : 

c:=^lBD±AD=x±y 5 

And taking, in b, No. 4, the value of these p^ts, we obtain : 

tan X = tan a cos B 6 

tan y = tan b cos A j 

The side b, which is here supposed to be given* and must 
therefore be determined as an auxiliary angle from the data 
of the problem, is : 

sin B sin a 

sin b a=3 8 

sin A 

• 

By which, again, all parts are solved^ and the result calcu- 
lable by logaritlims. 

Ath Transformation. From this last formula can be de- 
duced another, in the same way as in the two preceding 
problems, for the same two sections a;, and y, of the side 
c; thus: 

Expressing the cosine by D, No. 9, we have : 



cos X = 



(1 + taa^ a;)* 

'Which gives here, by substituting the value of tangent rr, 
that we have just obtained : 



cos X = 



(1 + tana aces' B)i 
cos a 

■ ■nil ■ —I I II 11 I ifciiiw » 

(cos* a + cos* B sin* o)i 
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COS a 



COB X = 



(1 - sin* o 8in« B)i 

And taking D, No. 3, to express sine y in terms ot 
tuigent y» we have : 

tany 

sin y = 

(1 + tan« y)4 

And expressing tangent 6 by the auxiliary arc, we hare : 

sin a sin £ 
tan 6= - 



(* sin* o sin* B v 
I I 
sin* A ^ 



sin a sin B 



(sin* A - sin* a sin' 5)^ 



Whence 



toy =s 



cos .A sin a sin B 



and 



(sin* j3 - sin* a sin* 5)1 

cos^^ sin a sin B 
(sin* A — sin* o sin* B)h 



sin y 



(sin* a sin* -B cos* JJ v i 
1+ : I 
sin* A — sin* a sin* B^ 



Bringing the denominator to a common denominator, and 
compensating,' in numerator and denominator : 

cos A sin a sin B 

siD y = — — ■ T 

(sin* A — sin* a sin* B + sin* a sin* B cos* •^)* 

cos A sin a sin jB 



(sin* A - sin* a sin* 5 (1 ~ cos* jJ))* 
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COS A sin a sin B 



flin y = 



siD j9 (1 — sin' a sin' B)i 
, cot A sin a sin ^ 



10 



(1 — sin' a sin* fi)* 

Here we have again, for the determination of x and y, the 
same denominator, and therefore the same auxiliary arc. 
Therefore, making 

sin Z = sin a sin B 11 

we obtain finally the two following formulse for calculation : 

cos a 

cos X = 12 

cos Z 

and 

cot A sin a sin B 

sin y = ■ = cot ^ tan Z 13 

cos Z 

Of these two expressions for sine y, the first will be found 
shorter in the actual calculation, because it is easier to 
write sine a sine J9, twice, and use the same auxiliary arc, 
than to take two different auxiliary angles. 

$ 97. Problem 19. Given, two sides and an angle opposite 
to> one of them ; to find the contained angle. 

Given, Af h, a; to find C. 

By f. No. 2, we have : 

sin C cot A + cos h cos C = sin & cot a i 

1st Transformation is obtained as in the preceding problem, 
by making 

tan a; = cos ( tan A 

Which gives: 

cos b cos X 

cot A = 

sin X 
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The equation becomes, by this substittttion : 
cos C cos b cos ^ 



-|- cos b cos C = sin b cot a 



sin X 

cos 6 

Reducing to a common denominator, and making 

sin X 

a common factor, gives : 

cos b 

(sin C cos « + cos C sin «) = sin b cot a 



sm X 



or 



cos & sin (C + *) 
= eiQ h cot a 

sin ^ 
Whence, finally : 

g sin (C -f" ^) = cot a tan 6 sin a; 

2d Transformation. A formula corresponding to the pre- 
ceding is obtained, by making 

3 cot «' =: cos 6 tan A 

And following the same process in the reduction of this as in 
the preceding, the final formula will become : 

4 cos (C CI3 a/) = tan b cot a cos ^ 

These two formulae are again to be considered and treated as 
the tvpo, q, No. 2 and 4. 

3d Transformation. Here, as in problem 10, expressing 
the two segments of the angle C, we obtain by means of b. 
No. 5, for each of them, simple formulae for logarithmic cal- 
culation; thus: 

5 C = BCD ± ACD ^ X ± y 

"We have by b. No. 5 : * 

5 cot X = cos a tan B 

and 
Z cot y = cos b tan A 



■Ofa 
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Where ^ is to be detennbied from the data of the problem, 
and used as an auxiliary angle ; thus : 

sin b SID A 
sin B = " ■ ■ 

sin a 

4th Transformation. We may here again apply with ad- 
vantage, the transfermations given in formulse 6, and T, by the 
aid of D, No. 14 and 21. 

We have from 8^ the value : 

sin ( sin A 



tan B = 



(sin* b sin* j3v J 
I ■■■ y 
sin* a f 



sin 6 sin A 



(sin* a — sin* 6 sin* jI)^ 



Whence 



cos a sin b sin A 

cot X = cos a ton B == ——__—. 



(sin* a — sia* h aia* id)i 



By D, No. 14, we have : 



cos a sin h sin A 
cot X (sin* a — sin* b sin* ^)i 



cos « = 



(1 +cot* x)\ / sin* b cos* a sin* j3 v i 



1 + ) 

sin* a — sin* b sin* jJ/' 



cos a sin & sin j^ 



(sin* a — sin* 6 sin* A -|- sin* 6 cos* a sin* j9)i 
cos a sin b sin j9 

(sin* a *- sin* ft sin* Aiy -^ cos* «))* 
cos a sin 6 sin iil 



sin a (I — sin* b sin* j3)i 



152 



FABT lU* 



9 



COS X = 



cot a sio b sin A 



(1 — sin* b sin* ./J)* 



From D, No. 2, we have for 



1 



fliDy 






(1 + cot* y)J 



cos J 



(COS* b sin' .^v j^ 
1+ ) 
cos* A f 



(cosa A + cos* fc sin* A)\ 

cos j1 

(cos* A + «n* ^ — sin* A sin* 6)i 
cos A 



10 



sin y = 



(1 - sin* A sin« 6)4 



The two formulsB 9 and 10, thus obtained, have again the 
property of having the same denominator; therefore, making 
use of the same auxiliary angle, namely : 

^1^ sin Z = sin j9 sin 6 



the final formula for calculation become : 



1£ 



cos X = 



and 



IS 



sin y = 



cot a sin b sin A 
cos Z 



cos A 
cos Z 



== cot a tan Z 



What has been said in relation to r. No. 13, also applies 
here to No. 1£. 

$ 98. We have thus obtained for each of the cases of ob- 
lique angled spherical trigonometry, a variety of formula, of 
ea3y calculation by logarithms \ as it may be useful in prac- 



Ea^ 



«E$i^ 
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tice to have complete formulae for every case^ we have consi- 
dered it proper to enter into these details in this part of the 
treatise, in order that a choice may be made among the for- 
mube of such as may best suit in any individual case, and 
afford the greatest accuracy. A skilful calculator will also 
find in them a check upon his own numeric operations ; for 
he may at the same time calculate by means of two different 
formula ; for which purpose he will choose such as are most 
easily used simultaneously, in consequence of their only 
differing from each other in the employment of different trigo- 
nometric functions of the same elements. 

These formulae all concur in showing : that, in Spherical 
Trigonometry, under equal circumstances, the different parts 
equally depend upon their data for their form of combination ; 
the part sought may be either a side or an angle ; so that 
there are in truth only six forms of this mutual dependence of 
the parts, which differ only in the details of signs, and occa- 
sional changes between sines and cosines, or tangents and 
cotangents. 

It may be easily conceived, when we consider the multitude 
of analytic formulae that may be deduced from the nature of 
the trigonometric functions : that other formulae and trans- 
formations, besides those here presented, are possible, as 
well as other methods ; but those here given are, in general, 
the most direct, and most accurate, and are consequently of 
most frequent use. 

In all the above transformations, the formulae from which 
they originate, or any particular operation performed, which 
may not be immediately evident, has been quoted and referred 
to, and, in addition, the aim of any operation, and the in- 
tended mode, has generally been quoted before the operation ; 
but it has been uniformly supposed, as stated in the begin- 
ning, that series B and C were known, as it is supposed 
that any arithmetician knows his multiplication table ; though 
it is not necessary to learn them by heart, for the proper study 
V 
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of fbo first elements, and practice, will very soon make them 
as familiar as the multiplication table is to calculators. 

$ 99. In order to decide the doubtful cases, as indicated by 
the formulse, or the nature of the cases, we may observe a few 
general rules. 

1. That in the formulae t, 2, 3, and 4, of the problems 9, 
10, 11, and 12, the tangent or cotangent of the auxiliary arc, 
and the cosines of the other parts, may change sign; which, 
therefore, must be attended to. 

2. That by never employing a triangle witb a side or angle 
exceeding ' 80% the results that would lead to sucb a side or 
angle are of course excluded. 

3. That in every triangle, the greatest sides and greatest 
angles are opposite, the least side to the least angle^ and the 
mean to the mean. 

4. The principle, that the sum of the three sides of the tri* 
angle is always less, and the sum of the three angles, always 
more than four right angles, sometimes gives another crite* 
rion to judge in the case ; as well as : that the sum of the 
angles shall not exceed six right angles. 

5. The circumstances of a given case rarely leave room for 
doubt in the decision. It has already been observed : that 
wherever the case is not doubtful by nature, the formulas 
giving half angles are the most advantageous, in this, as well 
as in other respects. 
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PART IV. 

FRiyCIPLES AJfD EXAMPLES OF THE PRiCTtOSL 
CJLCULdTntOXS OF TRtGOJWJUBTRr. 



ft « 



CHAPTER I. 

General Plindples of the Calcidathns. 

§ 100. It has already been said, that order^ and appropri- 
ate arrangement, are qualities indispensable in all odcula^ 
tions ; but trigonometric calculations have more especially 
need of them. There are besides particular methods, that 
are of special use in such calculations, although they are 
applicable in a greater or less degree to alL 

§ 101. We have seen that the formulae have been transformed 
into such as are adapted to the use of logarithms, from the 
dements to the final result. In order to obtain this object, 
recourse has frequently been had to what are called auxiliary 
angles. It must have been observed, that, by means of these, 
we are enabled to make use of tlie properties, or rather 
tiie diSbrent relations of tlie elementary trigonometric func- 
tions, as calculations already made, in which the relative 
proportion of the variation of these trigonometric fkinctions, 
is all that remains to be calculated. 

§ 102« There is moreover another artifice, that contributes 
in a high degree to uniformity in the arrangement of the cal- 
culation; and it is astonishing, that this has so frequently^ 
and for so long a time, been neglected^ although pointed out 
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by Napier^ fhe inventor of logarithms, himself, in his Canott 
Mirificus. It consists in employing the arithmetical comple- 
ments of the logarithms ; by which the final calculation of a 
result, depending upon any number of logarithms whatsoever^ 
is reduced to a simple addition. 

The general principle of this method may be explained in 
the following manner* 

If from any number whatever, say 783192, we wish to 
subtract an other, say 639178, it is evident that, if we sub- 
tract the latter from the round number of the unit of the next 
higher denomination of the decimal scale of notation, and add 
the remaind^ to the first number, we shall have the same 
result as if we had made the subtraction ; with this differ^ 
ence : that we must reject the unit of the next higher denomi- 
nation in the decimal scale, that has been thus introduced* 
In our example we have for the number resulting from the sub- 
traction, which is called the arithmetical complement : 360822 
y^ which being added to the first number, or • . • 783192 

we have for the sum 144014 

after rejecting the unit of the denomination next higher, as 
above directed; and this is in fact the difference of the 
two numbers taken as an example. 

The use of this method would in ordinary calculations de- 
mand a strict attention to the effect of the next higher decimal 
denomination introduced ; as, for instance, if from 379126 
we had to subtract 5492, using the complement, 
we have to add •••••• 4508 



which gives in result . . • ^ • « • • « • 3^3634 
where a unit of the fifth denomination, whieh has been intro- 
duced in the complement, is to be rejected, it being the deno- 
mination next higher than the highest denomination in the 
ubstracting number. 

$ 103. In logarithmic calculation this rejection becomea 
merely mechanical ; for in them we have alwaya the same 
number of figures, and the characteristic can never be uncer- 
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tain to the extent of ten ; for this would occasion a difference 
in the result of ten places of figures in the natural number ; a 
mistake that cannot arise in any given case ; and if the result 
were to be a trigonometric function, it would become an im- 
possible one. 

In order then to apply this method in Trigonometry, we al- 
ways assume a characteristic =: 10, from which we deduct the 
logarithm that is to be subtracted ; the complement thus ob- 
tained is then added to the logarithm whence the former was 
to be subtracted. This subtraction from a characteristic = 10 
is easily made, as well from right to left, as from left to right, 
which order may be most convenient in writing ; to do this^ 
we suppose the last number to the right to be 10, and all the 
others 9, and take their complements accordingly ; thus each 
number obtained is the complement to 9 of its corresponding 
number, except the last on the right, which is the complement 
to 10 ; for this, being the first and lowest denomination, bor- 
rows from the next higher one a unit, which makes it be- 
come = 10, and this same borrowing, extending throughout 
the series to the characteristic 10, makes all the others, and 
this characteristic itself, become 9. 

To give an example in logarithms, let it be required to 

subtract from logarithm 5,3714298 

the logarithm 3,2910463 

The arithmetical complement of the latter is • 6.7039537 
When this is added to the first, the result, after 
rejecting 10 from the characteristic, is • . . 2,0803835 
which is exactly equal to the difference between the two given 
logarithms ; and havihg a 10 to reject, and retaining the cha- 
racteristic 2, gives three significative figures to the whole 
numbers, the rest being decimals. 

Let us take for a second example, one in which the result 
does not afford a 10 to be rejected, and which is therefore a 
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proper fraction. Say that from the logarithm 297863^14 
we had to subtract the logarithm 6,2491309 

The complement of which would be ... • 3.7508692 

Adding this complement to the first log. we obtain 6.5371 906 
which not furnishing a 10 in the characteristic to be re- 
jected, indicates it to be the logarithm of a decimal fraction ; 
and the characteristic being 6, indicates that the first signiff- 
cative figure of the corresponding decimal fraction is of 
the fourth place of decimals, or has before it 0,000. 

§ 104. This method is besides already introduced in the loga- 
rithms of the trigonometric functions $ we have there an aug- 
mentation of ten units in the characteristic, which corresponds 
to an assumed radius of 10,000,000,000, instead of unity ; 
which last would make all the trigonometric functions deci- 
mals, and their logarithms consequently negative, a result 
which this system is intended to avoid. This higher charac- 
teristic is rejected in the results, as we shall hereafter see, 
and by that, the method of calculation has only one system. 
In order to render the means of ascertaining the number of 
these supernumerary tens in the characteristic, easy by mere 
inspection, it is customary to place a simple point (•) after 
the characteristics that are augmented by 10 ; and a comma 
(,) after the characteristic of the logarithms of natural num- 
bers that are not complements. It results from this : — ^Tbat 
the number which corresponds to a logarithm whose charac- 
teristic is 9, or a less number, with a (•), ia a decimal 
fraction. In order to determine its value, or, which is th^ 
name thing, the place of its first significative number, it is to 
be observed : that the characteristic 10, which corresponds to 
0, would give the unit place, and therefore the number which 
9 represents would begin with the first decimal place, or 
tenths ; the decimal number whose characteristic is 8, would 
begin with the second decimal place, or hundredths, and so 

on> descending in the scaler so that the complement to 10 <^ 
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the cbaracteristic will indicate the place of dedmals hdd hj 
the first effective figure ; tbe preceding places and the «iit 
place being always filled up with Q ; for it ia proper to begin 
every decimal nupiber at tlie unit place of whole nunbersj^ m 
well in tbe case of decimala as in tbi^ of whole nainbecs ; 
for to begin with a (») or a (•) renders it too easy to oustako 
this mark as an interpunctuatikm from the preceding phrase. 

There are authors who make use of negative cbairacteris* 
tics, which are the coraplenents to 10 of the above apithnetic 
comfleoaentsy leaving the logarithms themselves positive; 
but their use is not only erobai'rassing, as all additions of 
positive and negative quantities in the same sum are, but it 
leads to mistake^ in the operation ; they are therefore to hs 
rejected. 

$ 105. It has been seen, that the tcnrmulas freqaeatly re* 
quire combinations of the elements by addition and siibtrac* 
tion, in order to obtain nombers or angles, whos^togiirhhais 
or trigonometric functioBs (in logarithms) ai'e to be et^played 
in the calculation ; a certain order in their arvangement is 
necessary in order to shorten the calculation itseli^ and ren* 
der its verification easy. 

In this arrangement all repetition is naturtdly ayoidod; 
if the logarithms serve for several results that are o^uall^ 
the objects o£ researeti^ tiiey are vmtien in sueh a way as to 
be easily added to each of the other logarithms that affidct 
them in tbe difierent results ; and of the whole is made a ain* 
gle example (^ calculation, whose parts are added alternately 
to obtain the respective results. 

$ 106. The logarithmic table9 that are of most frequent 
use, have generally seven places of decimals ; tbe degree of 
exactness obtained by this number of decimals is sufficient for 
almost every kind of practical calculation. For special pur- 
poses there are tables that have ten, and even fifteen, places 
of decimals ; while in cases that require less exactitude, or 
when the number sought has but few figures, we may be 
satisfied vrith using no more than five places of figures. It 
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is to fit them in case of need for this double purpose, that the 
tables of Callet have a point after the fifth decimal, which 
saves the attention to, or counting of, the numbers of decimals 
that are used ; but no attention is paid to this point when 
seven places of decimals are employed. (I may remark here 
also, that the same tables that g^ve the logarithms of trigono- 
metric functions to every ten seconds, with the differences sim- 
ply, and are therefore adapted to decimal multiplication, are 
more convenient, in accurate calculations, where decimals of 
seconds are used, than the great tables of Taylor giving these 
logarithms for every second without any differences, which of 
course must be first obtained, before proportional parts can 
be taken.) 

As for the manner of using logarithmic and trigonome- 
tric tables, taking proportional parts, &c. reference must 
be had to the instructions given upon this subject with every 
logarithmic' table; it would be here a useless repetition, and 
a description of the several artifices that facilitate their use 
would be too long if given in detail; attention and reflection 
in practice will teach them to every able calculator. 

§ 107. Let us now proceed to the examples of the calcula- 
tions themselves. Instead of any explanation that would 
interrupt the course of calculatimi, the logarithms will be 
marked by certain letters, and the results by the algebraic 
expressions of the operation that these quantities have under- 
undergone, wherev^ there is a double operation, otherwise 
it is supposed, that the sum of the logarithm is taken, as 
far as not separated by a line. We shiall besides point out 
flie data, and place at the top of each calculation the ana- 
lytical formulie to be executed, with a reference to the series 
and number in the body of the work. 



CHAFTEK II. ITS 



CHAPTER 11. 

Calculaiions of FUunfi Trigonometry* 

4 108. The following examples may suffice for fhe calcu- 
lations of Bigkt Jingled Pkme Trigonometry ; as all the other 
cases give similar processes. 

In the right angled plane triangle ABC, figure I, giyen, 
df and h, and A = L.R; to find sine B. 

\ d 

Formula A, No. 1* -» = sin £ 

h 

d = 758,3 log = 2,8798411 

h = 1935,5 ^:C:log = 6.7132068 

B = 23^. OS'. 54", 7 log sin = 9.5930479 

Given^ h, and J9; to find d, and k. 

Formala A, No. 1 and 2. 
d i=s h ain B ; k »s h cos B 

h = 2235,0 log = 3,3492755 = x 

B = 160. 23'. 46\ log i "" = ^•^!?S " ^ 

^ } cos a 9.9819694 = z 



d = 630,89 log == 2,7999620 = x + y 

k = 2144,10 log = 3,3312449 =^ x + z 

Giyen^ d, and ft ; to find tangent B. 

d 
Formctla A, N<{. 3. — = tan B 

A; 

d = 31462, log = 4,4977863 
k = 94723, jfl : C : log = 5.0235446 

B = 18^22'. 25", 6 = 9.5213309 



174 PIBT IT. 

GiTen^ d, and B; to find &• 

Formola A, No. 1. 

d d 

•— == sin B ; giyes h = 



& sin B 

d = 630,89 log =: 2,7999620 

B =s 16* ». 46* Jf : C: log sm = 0.6493135 

h = 2235,0 log = 3»S492755 

$ 109. The calculations of oblique angled plane triangles 
vill follow here in the order of the problems ^ and are applied 
to a triangle, ABC, Jlgure 6, or 7, whose sides, o^h ^ &i^ 
respectively opposite to the angles of the same name. 

§ 110. Problem 1. Given, B, C, ai to find hj and c. 

Formula Y, No. 1. 
af\nS a sin C 

sin A tin jf 

« = 3745,6 tog =» 3,5735446 s x 

A = 61'' 54' 26" J:C:logstD = 0.0544409 = y 

B = 59. 58. 40. log : sin s= 9.9374334 a z 

C =z 58. 06. 55. log: SID « 9.9289653 =s w 



b = 3676,37 tog » 3,5654189 = x + y+z 

c =: 3605^38 log =s 3,5569508 » g + y^^ 



i 



- — ^ 



$111. PrMmlt. Qit^n^ «, »9 €f; tofiirfJl,andA 

Fpcmtda ¥, Np^ 0* 



a + b 



a = 4901,6 
6 = 3620>25 



a + 6 = 86tl,e« Jl : C: log =s 6.0694662! 

aCAfc » 1281,35 log = 3,1076677 

i C = 20** 24' 10* log cot =5^ 0.4295133 

I (j! ^ B) = 20, 00. 39^ tan = 9.6066472 
900 — i C = 69. 35. 50. 

A » 91.36.29^ 
B s= 4T. 35. 10,8 

GiTen^ logftrithm a, logftrithm b, and C; to find A, «tid B, 

Tonnula Y, No. 3 and 4. 

b ^ 

_==tanZ ; tan i (•« GC B) = cot4C?4«i<4a* - Z) 

a 

log 6 ^ 3,4790537 
,« : C : log a =» 6.48334J7 



J? = 42**03'46%2 
45. 


log tan 2r = 9.9553954 




ipgltan S9: 8.7IO1S08 
log tap n 0.4[,502i;)4 


1 (Jl CO B) « 4. 08. 50,2 
90<'-|C^ 54.i43.00 


tan ^ 8.8604012 


A 3= 58. 51. 50,2 
B a 50. 34. 09,8 


• 
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$ 112. Problem 3. Giyen, afC,b; to find c. 

Formula Y, No. 7 and 6. 



tan Z 


- 


2»iniC(a6)i 

9 

a^b 


aij^b 


cos Z 


a =4539,3 
b » 3745,37 




log = 3,6569889 
log = 3,5734947 


*, 






7,2304836 




(ab)l = 
aQDft:=» 793,93 

1 C as: 240. 4g^ 

2 


50* 


log » 3^152418 

wf:C: log = 7.1002178 

log flin = 9.6220438 

log = 0,3010300 


• 

log = 2,8997822 






log tan Z = 0:6385334 A 


:C:logcoi = 0.6497139 


e =3544,02 


log = 3,5494961 



Giren as above. 

Fonnnla Y, No. 10 and 11. 

2 cos J C (a b)i 
coBo; = — — ; c « (c + 6)8iDa; 

a = 1966,26 log = 3,2936444 
h = 3746,26 log = 3,6735930 



6,8672374 

(aft)* log «- 3,4336187 

a + 6 = 6712,51 ^ : C : log = 6.2431730 log = 3,7668270 
J C « 29°. U\ 15" log cos = 9,9401069 

2 log = 0,3010300 

log cos X = 9.9179286 log sin = 9.7489740 

c « 3204,8 log = 3,5058010 
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lid. PrMem 4. Oiven^ a,b,c; to find B. 

Formula Y, No. 15. 
Ap -^)(JP - 0\^ o + 5+a 

«iD i £ aa I ^ 1 ; p == w— 

^ ac . ^ 2 

b » 1920,6 

a = 3409,3 ar.co.log = 6.4673348 

c = 2691,6 ar.co.log = 6.6864320 



7921,5 
p = 3960,75 
p^a= 661,45 log = 2,7415061 

p ^ c ^ 1369,16 * log = *3,1364510 

18.9317239 
i B = 16«>. 69'. 49'',6 log sin = 9.4658619 
B = 330. 59'. 39". 

Given as above. 

Formula Y, No. 16. 



cosi 



B = (— — ) 



b = 2587,4 

a t±3 2468,8 ar . co . log = 6.6075141 

c =s 1684^2 ar . CO . log = 6.8001900 



6640,4 
p =s 3320,2 log o 3,5211642 

p . 6 =: 732,8 log s 2,8649865 

19.7938538 
J B ^ 37*. 56'. 00". log cos ^ 9.8969269 
e = 750. 52'. 00". 

z 
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' Gciven i» al&o^e. 



Formula Y, No. 17. 



ten*B = 

b = 2325,2 
c r= 3106,4 
a <= 2459,8 


ar . 
ar . 

r,8 


-a)(p- 
p(p-6) 

CO • log := 

CO . log = 

log «a 

log = 
tan = 


Ovt 


7891,4 

1? « 3945,7 

p ^l = 1620,6 

p ^ c = 839,3 

p^ a ^ 1485,9 


6.4038759 
6.7903510 
2,9239172 
3,1719896 


i B = 23^ 49'. 41 
B « 47^ 39^. 22 


19.2901337 
9.6450668 



* J» 



fc y '- Lu ' i 



-1 



OHAn»B II. 



IT9 



CO 


•»o 


o 


o 


CO 


*o 


00 


09 


^ 


'^J* 


o> 


o 


«0 


oo 


M 


* 


CO 


O) 


II 


11 


M 


■a 

o 



04 91 

Q O 
91 91 

O O 



o 


o 






S 




1 


1 










^ 


» 


^ 


»• 


lO 


C7> 






fc* 


Oi 


o> 


o 






lO 




^ 


09 






9( 


^ 


^•^ 


VM 






9( 


t* 


^ 


09 


« 


4ik 


o> 


o 


Oi 


a> 






-^ 


CO 


9^ 


09 






•» 


• 


• 


• 


^ 




CO 


CO 


o 


O) 






d 

c0 



3 J 



9< 

O 
91 



o 



Hw 



O 

o 

o 



o 

i 

t- CO 

eo CO 

6 d 

9( 



9< 

i 

o 

eo 
CO 

II 



O 



U I It D II II 



oo 

O 



11 

a 



o 









I 



Q O O 

CO eo O 

9» o ^ 

"^ 09 05 

t* CO ^ 

t« 91 CO 

o a> 09 

lO oo 09 

CO CO O) 



OB 

o 
o 



I 



00 

CO 
CO 
09 

l> 



o 

.9 



11 D II n 



bD bO a 

mm fmS OB 



• n 

0^ 



a 

oo 



o 



S3 



a flQ 

a 

'a 



60 

O 



g* 



"^ 91 rn 

CO 09-^ 

2 ^ ^ 

?3 SI S 

II 11 II 



94 

CO 

o 



180 FAST lY. 

$ 115. Calculations of the tsurface of the triangle JlBCy^ 
whose Slides are a^ b, c. 
JhroUem I. Given, B, C, a. 

a' sin B sin C 

Fonnula Z, No. 1 ; 5 « ■ 

2 8iD(B+C) 

B = 52^ 68' 60" log sin = 9.9022376 

C B 64. 11. 10 log sin => 9.9643464 

fl + C = 117. ro. 00 ar .co • log .sin ^ 0.0607661 

^A^ar. ol ^3,3926146 

a = 246a,9 2log= J 313925146 

2 ar . CO . log = 9,6989700 

S = 2462334, log « 6,3913470 

$ 116. ProNem Q. Oiven, a, C, b. 

a • 6 • sin C 



Fonnala Z, No. 3 ; S = 



a = 3007,2 ' Jog = 3,476 !63p 

6 = 2092^6 log = 3,3207381 

C = 89*». 64'. 50" log sin = 9.9999995 

2 ar . CO . log = 9.6989700 

S = 3146810, log = 6,4978706 

$ 117. Ptoblem 3. Given, a, ft, c; to find B. 

Formula Z, No. 6. 

« 

S = (p(p-a)(p-6) (p-c))* 

a+ 6 + c 

p = 



' • » 



iA^ 
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a » 3330,4 
6 as 2966,9 
e s 2326,3 



8621,6 

' p = 4310,8 log c= 3,6345679 

p » a = 980,4 log = 2,9914033 

p - 6 = 1344,9 log = 3,1286900 

p ^ c ^ 1986,5 log = 3,2978699 

13,0525211 

5 = 3359390 log ts 6,5262605 



CHAPTER III. 

CulciUatiam of Spherical Trigmometry. 

$ 118. AtTER what has been said of fhe methods of calcu- 
lation in fhe preceding chapter^ it is not considered necessary 
to entor into the detdl of the actual calculation of the formulae 
<tf Right Angled Spherical Trigonometry^ that are con- 
tained in smes b. It may be observed^ that they all 
rofuire no more than the addition (tf two logarithms of trigo- 
nometric functions, in a manner exactly analogous to section 
108, with this difference alone, that all the factors are trigo- 
nometric functions* Hence it is also evident, that relations 
only are obtained, not absolute quantities, as is the fact ; for 
as we have only functions resulting firom the relations of lines, 
no absolute quantity, or lineal dimension, can be in the result. 
This is the great means by which the relations of the im- 
mense and immeasurable distances that astronomy calcu- 
lates, are. obtained. When it becomes necessary to indicate 
real determinate magnitudes, as, for instance, in relation to 
the earth, it is evident, that the radius, which otherwise forms 
no element of the calculation, comes into consideration. In 
that case, it is necessary to multiply any result or formula, 
prepared for this purpose, by the value of the radius, ex- 



-H^ . 



Ifll- 
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^pressed in that kind of unity in which it is wished to obtain 
the expression ; in the first power when: a mere lineal dimen- 
sion is desired; in the square when a -surface is required; 
and in the cube when a solid. This is exactly analogous to 
what has been said (section 11) in respect to right anglcSl 
plane triangles ; and all the formulse of series T^ and Z^ are 
examples of the same principle, as observed in sections 58, and 
65 ; it applies equally to all the formulse lliat follow hereafter. 

We may proceed to the calculation of the formulse of 
Oblique Angled Spherical Trigonometry, which require, of 
course, more arrangement and attention. As they are all 
expressly formed so as to admit of calculation by logarithms 
throughout, we shall dispense with the notation log before 
the trigonometric functions named; -and consider it as always 
understood, that the logarithm of the trigonometric function 
indicated is used. 

$ 119. Problem 1. Given^ b, B, c; to jSnd C. 

8in BAnc 
Formula g ; sin C =s ■ 

sin h 

h =* 80^41' 46" ar. CO. sin = 0.0067616 

c = 79.40.09. sin = 9.9929018 

B = 83.39.69. sin « 9.9973412 



C = 82. 13. 49. sin = 9.9969946 

§ 120. Froblem 2. Given, B, c, C; to find 6. 

sin B sin c 



Formula h ; sin 6 = 



sin C 



C = 40*^61' 16" ar. CO. sin « 0.1843306 
B = 29. 14. 12. sin = 9.6887918 

c = 39.10.04. I^in = 9.8004376 



b = 28.08.14. sin = 9.6736698 
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§ 1£1. Frobkm 3. Given^ a, b, c; to find A. 

Formula i, No. 1 
'sin {p -^ c) sin (p -- &)\i a + b+ c 



(sm y) — c; sin (p -- o;\ i 
— , , I ; p =. 
sin 6 sin c / 

a = 73° 39' 69" 

6 = 84. 09. 68. ar . CO . sin = 0.0022561 

c = ,60. 16. 13. ar . CO. sin = 0.0613663 



2 



218.06. 10. 
p = 109.02.36. 
p ^ c =^ 38.47.22. sin = 9.7968936 

p - 5 = 24. 62. 37. sin = 9.6239464 



19.3644602 
iA == 29. 29. 30,8 sin «=. 9.6922301 

A =3 68.69.01,6 

Given as above. 

Formuh i, No. 2. 

/sin p sin (p - a)V i 
cos I jJ = I — — I 

\ ' sin 5 sin c / 

a = 98** 42' 03^ 

h = 83. 32. 26: ar. co . sin = 0.0027668 

c = 46.48.03. ar.co.sin = 0.1496004 



227. 02. 32. 
p « 113.3L16. sin = 9.9623282 
p - « = 14. 49. 13. sin = 9.4078800 



19.6224744 
^A =s 64.46.16. cos = 9-7612372 
A = 109. 30. Bi. 

Given^as above. 

Fonnula i, No. 3. 

(sin (p — c) sin (p — b)\i 
— , — , — . I 

sin p sin (p — . o) / 
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a = 89<> 14' 16" 

6 = 73.62.43. 

e = 67.24. 16. 



230.31.14. 

p = 116. 16. 37. ar . CO . sin = 0.0436497 

p - a = 26. 01. 21. ar . CO . sin = 0.3679096 

p «. fc == 41. 22. 64. fliD = 9.8202487 

p ^ c =: 47. 61. 22. sin = 9.8700887 

19.0918877 
iA:= 19.21.03,16 tan at 9.6469488 

A = 38.42.06,3 

• 

$ 122. Problem. 4. FomnttliB k. 

These formulse haying eridently the same form as those of 
the preceding problem, the arrangement for calcidatioa is 
precisely similar; it is therefore unnecessary here to give 
any examples. The only difference between th^n is, that 
they use the cosines instead of the sines ; and that the factors 
alternate between the formulse for the sine and the cosine ; 
and consequently appear in invent order in the formula for 
the tangent. 

§ 123. Problem 5. Oiyen, b,c. A; to find a. 

Formulae 1, No. 2 and 3. 

sin i A (sin b sin cf sin i (c CO 6) 

tan Z = , ; sin i a = — — — 

sin I (e CO &) cos Z 

6 ==: 89^4' 18'' sin « 9.9999616 

e s= 17. 07. 15. sin == 9.4689198 



6 ^ e = 72. 07. 03. 19.4688814 



(8m68inc)*= 9.7344407 

1(6— c) » 36.03.31,5 ar.co. sin = 0.2301690 sin ^ 9.7698309 

i wS = 42. 16. 08. sin » 9.8277639 

tan Z = 9.7923736 ar.oo.cw » a0706S67 



^a = 43.49.58,8 sin = 9.8404566 

a = 87. 39. 57,6 






^^^mm^::^sL 
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Formulae 1» No. 5, 6» 8, 9, 11, and 12. 

These being all of the same form as the preceding^ using 
only o&er trigonometric functions of the same data^ they 
come under the same form of calculation, the other functions 
taking the place of those used in the above formula, each for 
each, in its respective place. It is on this account not neces- 
sary to give examples of them. 

Given as above. 

Formulse 1» No. 8, 11^ 14. No. 13 is calculated upon the same form. 

cos i A (sin h sin c)^ 
sinZ" = 



tanZ'" = 



sin i (* + c) 
cos i A (sin 6 sin c )^ 



cos i (^ + c) 
tan i a =: tan i.(6 + c) cos Z" cos Z 

6 = 890 14' 18" Bin = 9.9999616 

c= 17.07.15. sin = 9-4689198 



b + c s= 106. 21 33. 19.4688814 



(ain h 8in c)i = 9.7344407 = m 
i ^ =5 42. 16.08. cos = 9.8692220 = n 

J(6+e)= 63.10.46.6 j-~:^= '^^Z\\ taa = 0.m7803 

sin Z" = 9.7002917 = m-{-n+p; «»=» 9.9370883 
tan Z'^ « 9.8260120 =» m+n+q; oob» 9.9106002 

ifl= 43.50.00 tan i a sr 9.9823088 

a» 87.40.00. 

m 

Given as above. 

Formula 1, No. 15 and 16. 
tan y = cos A tan h 

cos h cos (c ui y) 



A a 



cos a = ■ — 

cos y 



186 FAKT IT. 

A » e4o 32^ 16" €08 » 8.9785688 

b = 89. 14. 18. tan » 1.8763321 cos ^ 8.1236295 



^ ^ 82.02.57,8 tany =:: 0.8549209 ar.co.cos « 0.8591168 
c = 17.07. 15. 



c CO y = 64. 55. 42,8 cos = 9.6271077 

a c= 87. 39. 57,5 ....... cos = 8.6098540 

Giyen as above (but with one angle obtuse.) 

Fonnulse I, No. 15 and 16. 

A ^ 121«36^ ir,8 OM » 9.7193874 — 
6 = 50. 10. 30. tan »= 0.0788818 cos =r 9.8064817 



y z= 147. 51. 10. tan e= 9.7982692 — wf : C : cos c= 0.0722788 
c as 40. 00. 10. 



«a)y «= 107.51.00. COS = 9.4864674 — 

tfBs 76.35.36 ^ . . . COS =s= 9.3652279 + 

The effect of the obtuse angle at d, will be observed here, 
its cosine becomes negative ; this is indicated by placing the 
sign — « at the end ; in consequence of which also, tan y be- 
comes negative; the obtuse angle is therefore to be taken for 
y, in consequence of which its cosine also becomes negative; 
and the angle emy becoming again negative, the last cal- 
culation presents two -^ signs, which producing again +, 
give for a an acute angle. This mode of accounting for the 
effect of the signs entirely obviates all difficulties. 

The formula) No. 17 and 18 being of the same form as the 
above, these examples will also serve for them. 

$ 1£4. Froblem 6. The formulse of this problem, or series 
m, are all of the same form as the foregoing ; the examples 
for calculation are to be arranged in the same manner, each 
respectively as its corresponding one. 
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$ 1£5. Problem 7. Giyen^ C, a,b; to find 4^ and ^^ 

FormulaB n, No. 1 and 2. 

cos i (a 03 ^) 
Umi(A + B) = cot J C 

COST i (« + 1^) 

sin f (a CO () 

tan J (jJ CC B) = cot 4 C 

sin } (a + h) 

(r= 43.19.11. 



a + b =105.44.43. 
attib = 19.06.21. 
i(a + b) ^ 52.52.21,5 ar. CO. cos = 0.2192519 ar. co: sin s« 0.09838d5 
i(aWby= 9. 33. 10,5 cos = 9.9939354 sin ^ 9J2199993 

I C » 42. 05. 10. cot = 0.0442502 Cdt = 0.0442502 

i(Ji+ B)== 61.04.00,7 tan = 0.2574375 tan = 9.3626300 

ilAZPB) » 12. 58. 44,5 

A » 74.02.45,2 
B= 48.06.16^2 

^ 1S6. FroMem 8. The formul8& o^ IXo. 1 and S^ being 
exactly of the same form as the foregoing, the same example 
may serve as a type for them. 

§ 127. Problem 9. 

Formulas p. No. I and 2. 

cos 41 cos ^ 



tan y =: tan 6 cos .^ ; cos (c^y) == 



cos b 



w3 =» 320 lOr 15" cos = 9.9276086 
b =s 57. 12.03. tan = 0.1908206 ar . co ; cos » 0.2662444 



y « 52.43.01,3 tan =: 0.1184292 cog = 0.7622948 

a =« 460 17 12^ cos = 9.8395099 

« Qttjr » 39.23.48,9 . . . , cost »= 9.8880491 

c =5= 92.06.50,2 or = 13.19.12,4 



rinrng^- 
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The same fdrmulsB, with an obtose angle at j?. 

A =:= 121.36.19,8 COS «= 9.7193874 — 
fr SB 60. 10. 30. Un = 0.0788818 ar . co . oos = 0.1935183 



y = 147.51. 10. tan == 9.7902692 — cob = 9.9277212 

a = 76<»35' 36' cos =: 9.3652279 



c OOy ~ 107.51.00. cos ss 94864674 — 

e =r 40.00.10. 

Here the final result becomes a negative cosine^ vhich 
therefore belongs to an obtose angle^ and produces Cf acute^ 
by the subtraction from the greater negative. 

Given as above. 

Formulae p, No. 5, 6, 7, 8. 

sin A sin b 

sin B = ' ■ ; tan « = cos Aiaxkb 

sin a 

c = «Xy 9 tanv&s cos J9 tan a 

.4 =: 32^ 10' 15 ' sin = 9.7262756 cot =:= 9.9276086 

6=57.12.03. sin = 9.9245762 ...... tan » 0.1908206 



a ss 46. 17. 12 ar . CO . sin = 0.1409781 tan » 0.0195121 tan x ^ 0.1184292 



sin J? = 9.7918299 cos ^ 9.8949994 



ar «= 52. 43. 01,3 tan y == 9.9145115 

y = 39.23.48,8 

e» 92. 06. 50.1 or 13.19.12,5 

6ivm as above. 

Formulae p, No. 6, 11 12, 13. 

cos h 



sin Z =5 «iD j9 sin h ; cos x =: 



<^ == « i y ' cos y == 



cos Z 

cos a 



"^^ ' ' cosZ 



GHAFTJBB III. 189 

A =* S2<> IC 15" sin = 9.7262766 
h = 57. 12. 03. sin = 9^245762 cos = 9.7337556 == m 



sin Z = 9.6508618 ar . co . cos = 0.0485393 =s n 

a = 46« \r 12" cos = 9.8395098 = p 
ar « 52.43.01,2 

y = 39.23*49- ^^ ^ = 9.7822949 ^=^m'\'n 

c «B 92. 06. 50,2 or = 12. 19. 12,2 cos j^ == 9.8880491 = p -f- n 

$ 128. Problem 10. Here we have to repeat what has 
been said in problems 6, and 8 ; the formuls^ of this problem^ 
or of series q, take in calculation exactly the same form as 
those of prcbUm 9 ; the examples of which^ therefore5 also 
serve for this problem* 

$ 1S9. Problem 11. Given^ B, Ji, a; to find c. 

Formulae r, No. 1 and 2, or 3 and 4. 

tukx = cos £ tan a ; sin {c + x) == tan jB cot A sin x 

a 8 se"" 13' 63" tan = 0.1748021 

B = 60.42.08. cos =r 9.6896184 tan = 0.2509420 



X ss 36. 11. 54,3 tan « 9.8644205 sin c=r 9.7712412 

Jj = 60^ 41' 15" cot = 9.9132069 



c + x ^ 59. 31. 28,5 . . . sin «» 9.9354301 



c ^ 23. 19. 34,2 or = 96. 43. 22,8 

GiTen as above. 

Formulae r, No. 5, 6, 7, 8. 

sin a sin B 

sin b = ■ I " '■ ' ■ ' ; tan a; = tan a cos B 
sin tiS 

« =3 « + y ; tan y = tan 6 cos .^ 

a = 56*13' 53" sin =» 9.9197521 . • . . . tan- :» 0.1748021 

S « 60.42.08. sin = 9.9405605 cos =3 9.6896184 



A » 50. 41. 15. ar . CO . sin » 0.1114263 cos=: 9.8017807 tana; = 9.8644205 



sinb=^ 9.9717389 tan =: 0.4284988 

ar = 36. 11. 64,3 

y « 59. 31. 28,6 tan y = 0.2302795 

f! = 95.43.22,9 or = 23o ly 34",3 
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CORRECTIONS, 



Page. 


Line, 


15 


16 


16 


12tol9 


-,^i^ 


21 


17 


penult. 


18 


10 


26 


1 

1 

9 


33 


2 


35 


15 


38 


3 


3d 


5 



After <* called," add, or. 

Between the fractions place si full stop (.) as sign 

of multiplication, instead of the comma (,). 
"H" read, No. 
in beginning, *' 3^' read, 4. 
Above *• 1 and 2" write, A, No. 
« produced upon" read, produced on. 

sin a sin a 

from below, , read, 

sin b 'cos a 

<< No. 4 and 9" read, No. 1 and 9. 
Above " No. 1" in the margin, place, 1. 
" 7" read, 8, 

Page 54, at the bottom, add the following. 

The formula 6, 7, and 8, give ako, when divided by sine, or 
cosine, the following expressions for the tangent of the half angle 
by the tangent, and cotangent of the whole angle. 

From No. 6 : 

(1 + tan* a)* - 1 

= (1 + cot* a)i — cot a 



tania s= 



From No. 7 : 



tan a 



tan a 



1 



tan |a s _— — — — . • = ■ 10 

(1 + tan* a)i +1 (1 + cot* a)i + cot a 

From No, 8 : 

(l+cot*a)*-|-l — cota (I + tan* a)* + ten a- 1 

tan } a = ^— — = '--' — 1 1 

(l+cot*a)4+ l+cota (1 +ten*a)* + tana+l 
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68 

7a 

72 
76 

Be 

93 
103 
107 

108 
111 

118 
119 
123 
126 
130 

136 
141 
147 
149 
161 
166 

167 



163 

164 

169 
172 
175 



Line. 

9 

9 

16 

13 

6 

3 

11 

26 

27 

16 

12 

last 

8 

1 

4 
14 

6 
13 

9 
19 

6 
7&8 



4 
6 



last 

4 

9 

26 

27 



«4 cos b 3" read, 4 cos 6 — 3. 
"sin* a" read, sin* a. 

'* n . . . . n,'' read, ii n, ^ 

The diirisor of the fourth term read thus, 2 • 3 • 4 • 6 • 6 . 7 
In the divisor, "(a 03 c)" read, (o 03 c)« , 
"BC" read, B, C. 
"Fed" read, PCD. 
''Lemma 1" read. Lemma 1 and 2. 
"6c" read, be. 

'*2r»<'Lii" read, 2r»c2LjR. 
" DGF hy £GF' read, EGF by DOF. 
«'Z)GF" read, EQF. 

In the divisor, ^' cos c^ O) cos c^'' read, cos c^ 03 cos c^ 
^ "tan i C^C»C,)" read, tan i (C,, OQ Q) 
Above the numbers in the margin, place, f. 
" No. 14 and 16*' read, No. 16 and 16. 
"h" read, i. 
" i'* read, k. 
"8" read, 3. 

fn the divisor, " cos .^" read, cos' A. 
"4" read, 3. 

Place the " 1" two lines lower. 
'*21" read, 2. 

•*(ac)}'» read, {ac)^ 

b sin C 
Place sin B = - in the lower line. 



"20" read, 21. 
"19" read, 20. 



Place the auxiliary in the lower line. 

cos A cos y' cos A cos yf 

• read, — ■' ■ 



cos JB cos jB 

" cos A tan £" read, cos a tan B 
" cos (c 03 «)" read, cos (c CO «') 
"6.7039637'* read, 6.7089637. 
"logarithm" read, logarithms. 
"20.00.39,3'' read, 22.00.39,8. 



1 ^ 



< 



1 




